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As this work contains a great number of Integrals fully 
worked out, the Author hopes that it will cJonsiderabl y facili- 
tate the progress of those who are entering on this branch 
of study, by showing them almost all the artifices that are 
used in those branches that come within its scope. 

The works that have been consulted are those of Peacock, 
Gregory, Hall, De Morgan, Young, and various mathema- 
tical periodicals ; also the excellent little work on the Cal- 
culus by Mr. Tate, which, like all the productions of that 
eminent writer, abounds with useful information, apart from 
the able manner in which he has treated the first principles. 

Where integration by parts is used, the whole process is 
put down, but the student should endeavour as soon as pos- 
sible to acquire the facility of running off the quantities 
without writing down all the intermediate steps. 
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CHAPTER I. 

BLEMENTABY INTEGRALS TO BE COMMITTED TO MEMOBT. 

1 x 

= - tan -1 -. 

a a 

,* v P & x • \ X 



<••) A/o , = Ver8 a' 



, n ^ P dx 1 ,« 

(8.) / — = -8ec- ! -. 



i 



B 



3 EXAMPLES ON THE 

dx 1 , X 



(9.) / , -^= = Ilog 

(15.) A . A i = log tan 0. 

v / t / sin cos 9 ° „ 

Examples. 

/(Z «p 1 

*-T7 =— r. Let # = -, then the integral is re- 
ar(a + bx) » ° 

duced to / =- = + -x log (a# + 6) 

c/ as? + a a aov 7 

= + log(_L_). 

ax a 2 ° \ # / 

/n v p(adx bdx cdx edx\ , i 






(i.)J*(l+J)(l+m)*da** fil+a + tf+x 9 )*** 
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a 2 a: 8 *x* jc s 



(5.) / (1+ ^-' ) "- = /'- , -^-V (? + -« 

\, . ** 1 slog*' — 3 **—*»— 2 

(6 • ) /^TT =^ /^- 1+ ?Tl] <fa!= r-* +t,m " , " 

(7.)^ =f-0$p Let«+2=*; <**=d* 

{*-2} s <fe («=— e^+ia*— 8) d* 

• v du = (*T~ = ? 

= (*_6 + ^-i)<i*, .-. «=|-6*+12.1og*+?, 
a»_12 «» + «. log (**) + 16 

»^— — — ^«— ~**m— m II nil! 

(a, 4- fly — lSQg + a) 2 + (a? + 3) log (* — S) 84 + 16 

"" » (a: + 3) 

= J-7+ l0 g(N/«'+l). 

(9.) / 4o.s^ * ^ et * = ""' * en *^ e ^tegral * s 

reduced to f^^r 

— I r Vbz*dz __ 1 /» /_, _ 10d* \ 

U 8+8? dj \ 3*'+a/ 

b 2 
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— /Y 1 - dz — 5 dz \ 

J \ 3 # 3^+2 T/ 

-ift^MV!-)-")} 

-*('v1^-(a/S)-!> 

r tc'Jxdx p( ,- 1 \ 

^>/iws-y( - -^ +1 -rw;) g - 

/da? 
7=. 
1 + Va? 

And /- — == (by substituting */# =#) 

•• x ™r* v so 



2 3 + 
dx 



= 2*-log(l + z) 2 == 2\^»— logO+V'tf) 8 ; 

3 

/. the integral is = — — — +*—2 (x)* + log (1 + V )\ 

(11.) / — j , — • Let >/*=#, then #=s a 

d#:=2#<Z#; 



/x*s/x.dx p z* ^ , /»* 

. 2s 5 2** ^ 
i— g g- + 2* — 2 tan- 1 * 

= £*« — - #i + 2a* — 2 tan- 1 #* 



z 9 dz 



+ z* 
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dx /* dx 



(1 H/ 1 +w+* "J (x+tf+i 

= — jz. tan~ ! < — — > (an useful integral) 
\/3 L V3 J 

/* cfa? 1 /» da; —o f* d(%cx + b) 

Ja+bx+cx 2 "" cj % b aT J^cx+bf+^iac-b 2 ) 



X 6 +-X + - 

<? c 



y/tac — b* \y/4>ae—b*' 

Examples for Practice. 

i.)/(., + ».)*^fei££ 

8.)y.(.+»^)«.-is+»^- 

3 . } y j » g 

4 } / -{(* + v/*)(»n/* + !)}<** = (# + v - )s> 

5.) / (o + o«)<c«« = » • 

6<) r<</7+T+»)i? = ( yjq^ 

^ V^ + 4 

8.) /(« + W)«.a*M« = (£jL^L*. 



6 EXAMPLES ON THE 

(io °y v*+. — r— »" + •• 

( v "Vttt — 2 ^+^- 



Kk4,) J (* 8 +l)»~~P+~T 



fl8 ->/V+ 4 b ! "7 l0 « ,/-+ ** 

^/S^+T-^+^+l. 

(15-) / \ + 45** + 2d* ) da> */g + bx l + c x i + dafi 

vafW + rf + W M 

(16.) /* (9 ** + 8* 7 )<fo ^ 5.(s 9 + *»)* 



.) / \ n / _ g-(^ + ^) g * 



/* I & "f" I ^«& ___ _— — 

(18.)y \ %c ) s/g + bx + ex 2 

Va + bx + <?#* o 
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CHAPTER II. 

EATIONAL FRACTIONS. 



xd»x 
(l.) To integrate du = + 3) (jg + 3) V 



# 



I* 

k2 



Let (* + 2) (* + 3)» _ (* + sy + (* + s) + (* + ay 

.-. *« A(* + 2) + B(* + 3) (* + 2) + P(* + 3)*. 

Let * = — 3, 

.-. _ 3 = A (2 - 3) = — A, .-. A = 8, 
x- 3(a> + 2) =B(* + 3)(* + 2) + P(» + 3) 
_ 2 (* + 3) = B (* + 3) (* + 2) + P (* + 3) ! 
.-. — a = B(» + 2) + P(* + 3). 

Let x = — 8, 

_ 2 = B(2 - 3) = - B, ,. B = 2. 

Let x =» — 2, 

-a = p(3-2) = p, .-. p = -a, 

* 3 2 2 



'"' (» + 2)(* + 8)» ~> + 8)» T (» + 3) (• + »)' 

y gt+sj 8 + v (#+3) v (•+ 2) 



3 , /*+3 v * 



(*+8) 



l0 « (jT+S) 
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(2.) To find C t -£r^ -r ft . Let 

v ' J (x + 2) 2 (* + 4) 2 

x* A B C D 



(* + 4) 2 (* + 2) 2 (« + 4) 2 T (•.+ 4) T (* + »)■ T * + 2 
*• == A(* + 2) 2 + B (« + 4) (* + 2) 2 + C (* + 4) 2 + 
D (x + 2) (* + 4)*. 

Let* + 2 = 0, .•.* = — 2, s 2 =4, andC(* + 4) 2 = 4C, 

.\ 4 = 4C, .\ C = 1. 

Let a + 4 = 0, .-.*== — 4, ^=16,andA(* + 2) a =4A, 

••• A = 4, 
/. ** — (* + 4) 2 — 4 (x + 2) 2 == — 4 {x* 1 + 60 + 8} 

==-4{(* + 2)(* + 4)}, 
= B(tf + 4)(tf + 2) 2 +D(* + 2)(tf + 4) 2 , 

.'. — 4 = B (x + 2) + T>{x + 4). 

Let * = — 2, ..',-4 = 2D, .-. D == — 2. 

Let * sb — 4, .\ — 4 ss — 2B, .\ B ss 2. 

The fraction reduced becomes, therefore, 

_i_._2_.__1 a__. 

(• + If + (• + 4) ^ (* + 3J« (• + ») 
and its integral is, therefore, 
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-4 






~> 


+ ^) 




In the same 


way, 








/» dx 


— 1 




and — 


f * 1 * 


af"" ** 


5a>4-12 . 


la? 4- 4 a? 4- 


4- 6 a; 4- 8' 



therefore the complete integral is 



^4-6*4-8 6 \a>4-2/ 

_ 2 a? __ Aa? Ba? . 

"* (* + l)(«* 4-3)""ar ! +l + ^4•5 , 

.-. 2 = A(a;' 4- 3) 4- B(^ 4- 1), /. A + B = 0, 
3A 4- B = 2, /. A = 1, B = — 1, 

C % x & x _ /Y *dx xdx \ 

J (i> 4- 1) 0* 4- 3) "V U 2 + 1 ** + 3 / 



i * / a l±l 

= l0 «V^T3 



(4 -) du - (a?* 4- 1) o* + ±y 



b 3 
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** A B 



(** + l)(*'+4) (^+1) ' (*» + 4) 
aP = A(a>* + 4) + B(«* + 1). 

Let a = v — 1» or a^ = — 1, 

•*. •—• 1 ss o A., .*• A sss — — i 

O 

.-. *' + i(«' + 4) = B(** + l), 

= - |a tan- 1 1 — tan- 1 z\- 

' «/(* + 1) (* + 4) "" 37(^ + 1) (^ + 4) 

_1 /» {4**+ 4 — (a? + 4)}<fo 
""37 0p 8 + 1)(«* + 4) 

_1 /»/ 4<fa <fo \ 

"sy \(« 8 + 4)"'5 r +Ty 

= i(2tan- 1 |-tan- 1 ^) 
(8« 9 + «— 2)tf« 



(6.) (*u = 



(«-l)»(*» + l) 
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(3«» + «-8) 

L6t (* - 1)' (*» + 1) 



A + B. P 



(a> - l) 3 ' (* - l) 8 ' (tf - 1) ' (tf* + 1) 
3i» + a— 2 =xA(«»+ 1) + B(a>— 1)(*+ 1) + C(*— l)*(* f + 1) 

+ P(«-1J». 
Let x = 1 .\ 2 = 2 A, .\ A = 1, 

3^ + « — 2 — (a? 8 + l) = B(a?-l)(« 2 4-l) + C(« — l)*(** + l) 

+ P(*-1)\ 
.\ (2*+ 3)(a? — 1) b B(»— 1)(«» + 1) + C(#- 1) 8 ^' + 1) 

+ P(*-1) 3 , 
.-. (2* + 3) = B(**+ 1) + C(#— 1)(** + I) + P(*— If. 

Let 0=1, 

if 

J.% 5 as 2B, m B s -, 

A 

5«*-4«— 1 



,- (5 * + y*"" 1) = CQ*+l)(«-l) + P(«-l)' 
6 * +l -=C(«' + l) + P(*-l); i£#=l, 



2 



.*• — O sss *JCj •*• C — — — 

6 " +1 +?(*»+ 1) = P(*-1) 



a .2 

8*»-6* + 2 



= P(*-1) 
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(».-«K,-i)_ g( ,_ 1)t 
•• p = -2 IT" 1 ) 

(*-l) s («» + l)~y (*-l)* + 2"./ (*-l)» 



3 /» ax a p xdx 

~ I J (»-l) + 2«/ (»* + l) 



/dx 



i) 



1 5 X 3 i / ,\ 

--log(*-l) 



8(«— 1)* 2(*-l) 2 

3 1 /• 2i , , 

+ — • - / — s r — tan x 

^ 2 Zj (x* + I) 

1 5 18. v/W 1 \ _, 

= -%^-2'53i + 2 l0 8-(^rTr- tan * 

__ (1 — x + #*) <fo __ (1 — x 4- x*)dx 
(6,) " 1 + * + x 2 + x* ~~ (1 + a?) (1 + *')' 

T 1-x + x* A B 

(1 +*)(! + *') "" (1 + *) + (1 + **)' 

... l_* + <p' = A(l + *') + B(1 +x) 
x = — 1, 

then 8 = 8A, .\ A = -, 

Q 

1 — x + x^—tQ +a? 8 ) = B(l + a) 
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1+* 



2 
~" 2 2' 



/(l — x + arjda? 
1 +# + ** + #* 

= /"/3 1 1 1 • 1 x \ 

= J(31og(l+«)-tan-^-ilog(l + *>)* ) 



(1 + *) 



cLx 



Let 



*(*+l) 2 (l+* + **) 



A B 



x ^ (1 + x) 2 ^ (1 + *) n 1 + * + **)' 

.-. 1 ss A (1 + xf (1 + x + a 2 ) + B(l + x + x*yx 

+ C(l+#) (1 + * + * 2 )tf + P(l + *)**. 
Let » = 0, .•. A = 1, 

1 _(i +xf(l+x+x*) 

:B(1 +fl? + « 2 )tf+C(l+*)(l •4-tf + S )tf + P(l + flftf 

... — (8+4a? + 3« 8 + « 3 ) = B(l +*+« 2 ) 
+ C(l + x) (1+x+x 2 ) + P(l +*f. 



14 EXAMPLES OH THE 

Leta? = — 1, .\ B»- I, 

.\ ~ (3 + 4* + 3s* + a?*) + (1 + a? + «*) = 
C(l + x) (1 + x + a?) + P (1 + a?) a or 

— (2 + 3a? + 2 a? 2 -far 1 ) = C(l + a?) (1 + *+a>*)+P(l + a?)* 

— (2+a?+a>*)(l+aO = C(l+*)(l+a: + a*) + P(l+*O a 

— (2 + x + a?') = C (1 + x + a?') + P (1 + x) 

*>=: — 1, .\ Cs= — 2, 

— (2 4-« + *') + 2(l + * + a?)mP(1 + a?) 

*(l+a?) = P(l+«), .'. P = #, 

dx 



V «(l + a?) 2 ( x + * + **) 

ptdx dx %dx xdx \ 

J l7 , "(i+*) 3 "'(i+*) + i + *+ *) 
= OTT)-* h *V + x)+ f » + * + *> 

= _i__31og(l+*) + 

1 /- / 2x + $x* + 4:X* x* \ 

*J \ x* + x* + x* tf' + ar' + W 

. V^ 4- af + a** s+ x % dx 1 

+ g (i + x)* Jx^ + x^ + x* ' 2 



1 + a? 
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J<l(aP + *> + **)- J l + lm + i* J 3 + (2*+l) 8 

dx , a* + i 



2 p ax . . wti^ „ 

~ s^TTi^Hr let ~7T 



\/§.dz 
/. dx=z— — - — -» 



2 /\_**__- 2 v/?./^- = ^./^3 
1 + 3 

1 . 1 . _1 »* + 1 

= — ^ tan" 1 * = —pz tan l — 7=- • 

r dx _i_ t \/** + ** + <* 

'•Jx(l+xf(l + x + x l ) 1+* 8 + *)* 

1 _, aa>+i 

=: tan * — 7=— • 

Or thus, 

1 



a (i + *)* (l + x + ar 4 ) 
1 4. ^ 4. g» — x — a* 8 1 



= *(1 + *)* (1 + * + **) ~»(l+*) a (1 +*)(!+*+«*) 

1 + g — a _ q +g + ^— * — «* l 
= « (1 + *)' l(i+*)(i+*+«0 3 



16 
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1 1 1_ X 

x(l + x) (1+*)* l+« + (l+«T^) 

i + ,-, i i . 



x(l+x) 1+xf (l+a?)^l+^ + 



1 X 



x i + x (i + xy ' (i + x + ^y 

a 

dx 






« + 1 + bg {(* + 1 ) a l V (1 + a? + #»)• 

And r * dx - rUs+iL^iXA, 

/» dx 

' 'Jw(l + *)* (1 + * + *") ~ 

1 , , */** + ** +* 4 * /8as+l\ 



o*a? /» o*a? 



(8 , v^+* 7 -« l -« , "l/^(« + 1)* (* 2 + 1) (•-!)■ 



Let 



»»(* + l) 8 (^+ !)(*—!) 



A + Ba? C D E P 

o*+ i> + (*+!)* + (S+i) + (* - 1) + y 



INTEGRAL CALCULUS. 17 

.\ 1 = (A + Bv) (x - 1) (x + l) 2 & + 

C(* 2 + 1) (*- l)* 3 + D(* 2 + !)(« + 1) (* - 1)«* + 
E(** + !)(• + iy* + *(* + *)(* + !)*(*- 1)- 

Let a? = v— 1» 

(a + b -s/^n) (W"=rT-2) = 

2 A V^l — 2 A — 2 >/ 31 B — 2 B, 

.•. by equating 2 A >/ 3"T = SB >/^"T, .\ A = B, 

2A-f2B = — 1, .\ A = B= — i, 

... i + I(^ + l) 8 («-l)ar , = i(* 7 + ^-2^-« 3 + 4) 

4 4 

= (* ? + 1) {C(«- 1) s 3 + D(* + 1) (*- l)a? 
+ E(* + l) 2 ** + P(* + l) 8 (•- 1)}, 

.-. i(^ + a* 4 -ar l -4« 2 + 4) = 

C(*-l)^ + D(*+l)(«— !)«•+£(* +1)V 

+ P(* + l) 2 (*-l). 

Let x sss — 1, .\ - as 2C, .-. C= -, 

« 4 

... i^+s* 4 — a* — 4* 8 + 4-** + # 3 ) 
4 
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= i (* s + **-4«* + 4) = i(#+l)(*«_4* + 4) 
= (* + l){»(*-l)*' + E(* + l)*'+P(* + l)(*-l)}, 

.-. j(«* — 4* + 4) 
= D (*-l)*» + E (* + l) *» + P(* + l) (*-l). 

Let*=_l, .-.^SD, ••• D = |. 

A j(^~4* + 4)-|(^-^=_i(7*«_9*»+8*-8) 

= -g(«+l) (7« , -16*'+ 16*-8) 

= (* + 1) {Ear- + p (* _ 1)}, 

1 
••• — gO r <r , -16# , + 16»-8) = E<B» + P(*_l). 

Let X = 1, /.Bar, 

... - - (8a 3 - 18*' + 16* - 8) ts p (* - l), 

.-. P==-.(^-« + l), 

_, 1 1 + a 



« 8 +* 7 — ** — ^ 41+^ 
4 ' (1 +*)'"*" 8 - 1 +« + 8 '* — 1 ? ' 
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/ dx 1 p 1 4- X 

i p dx t^r* 9 

+ ij (r+^) a+ 8y its 

1 p dx p dx . pdx p dx 

+ sj x~=l~J IT + J ~& ~J IF 

— * p %xdx 1 p dx 1 p d 



\2 



+ ilog [x + 1) 9 + glog (*- 1) -log* - i + ^L 

==^"^a lo 8( 1 +^)-7 tan "'. 1 ^-7 



a* 8 * 8 ov ' ' 4 ' 4 (* + l) 

+ g{l°g(* + 1)P +log(*~ l)-log^} 

_ 2 -f'2a— 4^— 4*— *? 
"" 4« 2 (1+*) 

+ I {log (• + l) 9 + log (* - 1) - log (1 + x>) - log X 9 } 

l x , 2 — 2« — 5«* 

— - tan -1 x = . .,, r- 

4 4««(1+*) 

v V^ + W + S* 

6*— 2 A B C 

= - + r-rrr + 



#>+ Bar' + Sd; #^# + 2 * + 4 
6« — 2 = A(* + 2)(* + 4) + B*(* + 4) + C*(* + 2). 
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Leta? = — 2 = 8 A, .-. A = — - 

4 

* = — 3 — 13 = — 4B, .-. B ss 8 

a? = — 4 — 23 = 8 C, .\ C = -, 

4 

/ (5a?— 2)<fa? 
a* + 6a? 2 + 8a? 

= _i rii + trJo—iL r 

±J * J a? + 2 4^ 



<fa? 



a? + 4 



= _ - log « + — log (a? + 2) — T log (a? + 4) 



4 



_1 (a? + S) 1 * 
~4 g a?(a? + 4) 11# 



(3a? 4- l)dx 



K } J #" + 2a? 2 + a? 



3a? + I A , B C 

= - + , , ,V3 + 



a?"* + 2a? 2 + a? a? (a? + l) 3 a? + V 
3a? + 1 = A(a? + l) 2 + Ba? + Ca? (a? + 1). 

Let a? = 0, 1 = A, 

3a? + 1 — a? 8 — 2a?— l = a?(l — a?) = Ba? + Ca?(a? + 1), 

.-. 1— a? = B + C(a? + l). 

Let a? = — 1, 2 = B, 

... -(1+*) = c(a? + 1), .\ C = — 1, 

/(8a? -f l)<fa? _ p dx p dx pdx 

ar* + 2a? 2 + a? ~J ~x~ + J (a? + l) 2 ~~Jx+^ 
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2 

— log x — — — — log (a? + 1) 



i X 

= log 



^ n ^ J l + 3a? + 2a? 3 



a? + 1 a? + 1 



T A 1 A B 

Let — - 5 -r-^ = — + 



1+ 3* + 2a? 8 x + 1 ^ 2a? + l 9 
l = A(2a? + 1) + B(a? 4- 1). 

Let a; = - 1 1 = — A 

/<fa? — r^ x r ^ x 
1 + 3* + 2a? 3 *" "\/* + ] "V 2a? + 1 

2a? 4- 1 
= - log (a?+l) + log (2a? + 1) = log 7\ ■. 

a? -j- i 

(12-) y (a? -2) (a: + 3)* 

T A a; A B C 

Let ,_ „ x ,__ , ONa = ,_ , n +— — + 



(a?— 2)(a? + 3) 8 (a? + 3) 2 a? + 3 ^a? — 2' 
a? = A (a? — 2) + (a? + 3) {B(a? — 2) + C(a> + 3)}. 

Let a? = — 3, ,\ —3 = — 5 A, A = -, 

5 

5a? — 3a?+ 6 _ 2(a? + 3) 

•"• 5 "" 5 

= (a? + 3) {B(a> - 2) + C{x + 3)} 
.-. -=B(a?-2) + C(» + 3). 
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2 2 

Let x = — 3 ; 7 s-5B, .'.Bs--, 

5 do 

'V (* - 2) (x + 8) 8 
~~ 5c7 (* + 3)* 25.A + 3 + 25^/4? - 2 

2 . a> — 2 3 1 



25 6 x + 3 • 5 a + 3 # 
(** + 3a> + Vjdx 



/,<u / nT + »« + *)* 



j. ** + 3a + 1 A B C 

0*+3fl + l=A(a; — 1) (x + 2) + B#(a? + 2) + C*(#— 1) 
Let#s= 1 = — 2 A, .-. A=- - 

0=3 1 5 as 3B, /.Bar - 

* = — 2 -Is 6C, .\C = — -, 

o 

/ (a?* + 3a + l)dx 
*3 + a*— 2* 

_ 1 /*rf« 6 P dx 1 /*<?*> 

"~""2c7 a? 3*7 *— l~6,/aj + 2 
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= - s log x + -• log (x - 1) - s log (« + 2) 



9 ° ' 3 OV ' 6 



_1 (« - I) 8 

"~ 3 ° g \A* + 2# 3 



/* x dx 

(U,) *A* + !)(• + 2) (•» + 1) 



a? A B P 

Let rp — -7T7 — . „w o . ,x = —rr + — r^ + t 



(«+l)(0 + 8)(«' + l) « + l # + 2 ** + l 
ff=A(*+2) (f+l)+B(»+l) (<t>*+l) + *(*+!) (*+8). 

Let * = — 1 ; — 1 = 2 A, .-. A = — - 

*:* — 2; — 2*=— 5B, /. B=+^ 

3 +2# 2 + s-f2 2a? 3 -f 2a?*+2s+2 
^2 5 

= — ~ — = P(* + l)(* + 2), 

a? + 3 



.-. P = 



''J ix 



10 ' 
xdx 



(# + l)(* + 2)(**+l) 



__ 1 n dx 2 n dx 1 /» * + 8 . 

= - ^l°g(* + !) + ^l°g(* + 2) + ^l°g(*' + ] ) 

8 

+ — tan- 1 a?, 
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8 v^+i 10 



w/"*?& 



+ 3 



1 A B Ms + N 

Let -x— - -? = ,— — TvX + — T-7 + 



**+4* + 3 (« + l) a « + l * 2 — 2s + 3 

1 == A (s 8 — 2s + 3) + B(s + I) (s 8 — 2s + 3) 

+ (M*+N)(«+1) 2 . 

Let s = — 1 ; 1 a= 6A .\ a = - 

o 

6 — jgg + aa?— 3 _ (s 8 — 2s— 3) _ (g + i)(g»— B) 
6 """ 6 6 

= B(s + 1) (s 8 — 2s + 3) + (Ms + N) (s + 1)*, 
/. - ^- = B(s 8 — 2s + 3) + (Ms + N) (s + 1). 



2 1 

Lets= — 1; 3 = 6B •• B = g» 



—9s + 27 — 6s 8 + 12* — 18 
... — 

= — L — Jq ' = (Ms +N) (s + 1) 



8 — 2s 

Ms 4- N = — . 

18 ' 
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dx 



/ ax __ 

« 4 +4* + 3"~ 



1 C ^ x — l /* <to . . 1 /* d* 



1 /* xdx 

~~9j x* — %x + 



a + 3 



3 



i.Ti+j k i (l+1)T iW'" ,l+,) 



+ 



3 



11 1, a? + 1 



6*+l 9 ° v /«« — 2* + 3 

1 x , *— 1 

j tan"* 1 . 

x 18 ^a V2 



s 4 dt* 

~2 



3./ *» + 1 8 g K * ' 8 10g *» + 1. 

= log V^TT' 

v n dx / . 1 \ p z 5 dz 1 

( 1 '->/^r+?)=( p,tt,,,g ;=' , ')-y 7+t • r- 
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— J az* + b~ J a ~~ a*J a*> + 



z*dz ~ r#dz b raz*de 



( 19 / /, , — 7x3 * Let* = -, dx=z — -zd* 
J x(Y -fa?*) 2 z z* 






= - J log (*' + 1) _ * 



3 ov ' ' 3(^ + 1) 

A/ ** 3(* 3 +l)' 

The following method of doing the last four integrals is 
very simple, and can be often used with advantage. 

ff(* 3 +l) 



1 = (1 + # 3 ) - or 3 
*(* 3 + l) a?(ar 3 +l) 

1 ^ 

"" * ar 3 + 1* 

__ = l 0g „__ l0g(a ,, + 1) 



INTEGRAL CALCULUS. 27 

And r—Tz-T-rsz mft 7 De found in a similar manner 
J a?(l + a* 4 ) 

I ft -f a? 4 ) — a? 4 1 a 3 



(1 + *4) - *.* i 

555 VB^^MMMMMH^M^Mf CSS ^"^ ■■■ 



a?(l + a? 4 ) *(1 + a> 4 ) a> (1 + **) 
p dx , */ 0* 

y» da? 
«*(<* + 6**)' 

1 __ 1 f a + bx* — bx> \ 

ere tf(a + bafi)~a\ x*(a + Jar 3 ) J 

1 b 1 



a#* a a? (a + Jar') 
1 1 a + tar* — flar* 



x(a + bo*) a* x (a + 6a?*) 

1 6ar> 

"~ ax* a (a -f 6ar*)* 

Therefore, the original quantity is reduced to 



ax" 



1-3C+;*- 



a* 



a? a* (a + Jar 8 ) 
1 6 . /'a + Ja? 



and its integral is - ^ + ^log (-^- J 



/ 



dx 



x (1 + af»)* • 



1 (1 + a?) - a; 3 

«(l+ar , ) a * a>(l+ar')» 



•» 



a? (1 -fa^ , ) (1 +x*f 

1 _ 1+at*— a? 3 1 a? 

0(1+4*) "" 0(1+0*) "" ~" «»+r 

o 9 
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EXAMPLES 


ON THE 


Therefore - 

X 


1 

(1 + x'f 


X* 


X 2 



and the integral required is therefore 



log 



"v x 9 + I + 3 («•■ 



«*>/ra 



+ 1 + 8(^+1)* 



y* dx __1 n r dx dx "i 

a 6 - 1 "" §y I* 8 — l" ar 1 + 1) 

/dx __ r & x 
x* — 1 "V(* — *) («* + « + 



1)' 



T . 1 A B* + C 

Let -= — = = r + 



«*— 1 # — 1 a? 2 + # -f 1 
1 = Afar 8 + x + 1) + B# + C(aj — 1). 

Let x 2 + x + 1 = 0, or x = V — 3 — * 

.-. 4 = (2C — 4B) y/ZTs _ 6C, 
Leta? = 1, .'. 1 =3A, A= s , 

3 
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.*. the integral is reduced to 

1 pi dx (x + %)dx \ 

3J U — 1 "* x % + x + 1) 

dx 






(#-i + 8)<« 



- ^ + 8 

3 






-+1 



- log /\/** + - + 4= tan- 2 * 



\/8 y/» 

3 x _, /2«— 1 



= log y/*+T+l + * ton-fif^i) 



''\/V^7~3 l0g(*-l)-g log <•**+«+ 1 

And in a similar manner it may be shown that 

fw^i=\ Jog (• + i) - 5 l«g v'* 3 - * + i 

, 1 A /2# + 1\ 



/ ' im — 1 1 / a? — 1 v'V — a? + 1 \ 

-i^M^)*.-^)}-- 
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But these inverse tangents together are equal to 

4a 



^1 I = ten-./' *^» 



tan- J ZJ1 1 _ tan-f Ws ) 

/ da _ 1, ( X— \s/a? ~ a> + l\ 

2v/3 \ 1 - *» /• 

/x^dx 

»' ' (i + a*) ^ - «» 



(a' + 1)» (** + if 

And <■ * *^ +1 }-* 
(** + 1J» " (*» + 1)» 



Also 



• • 







a? + 1 


(<* + If 


a? 


=" 


<*(*' + 1) 


— * 


' (1+*T 


I 5 * 


• 


= 


07 


X 




{** + if 


(** + I) 3 


tf 5 




w' 


ar 1 



(* + !)» (*' + l) a («»+J) 3 



** + 1 "" (** + 1)* + (^ + 1) 3; 
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and the integral required is therefore 

log </** + i + ur+T - ZJ7+W 

ix* + 8 . /■■■ 

v /• x* dx 

(*"+l) = ( #*— 8« coa- + 1J («' — .8* cos-^+lV- 

continued to the factor ( a 2 — &e coa -^ v + O when w* 
is an even number. 

This gives 
(d* + 1) =5 («*-8# cos j+l) (a 3 — 8* oos-^p + l^ 

or (a? 4 + 1) = (<* - » */* + 1) {x* + * ^5 + 1). ' 

V 9f . ff 1 3 9f . ** 

Since, r =» 45 Q cos 7 as sin 7 =• — , cos 7- =■ — am-. 
4 4 4 >/3 4 4 

Assume therefore 

»» _ Ax + B Cg + P . 

r.x*=(Ax+B){x*+xs/% + l)+{CX+I>)(x*-xJz + i). 

n/~1 — 1 

If a> ? + «v2 + l-0, * = - 7= (1.) 

If ** - x n/5 + 1 =0, 0=s - ~~* r + ■ (2.) 
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Making (1) oar supposition, we have 

2VH1 , — cv'zri— c , j — 

or, - >/-> 1= 7=—+ 7= 7= + -/= 

f4C "J 

1 
.\ D=aO C >&s — 

Now making (2) our supposition, we have 

= (by reduotion, as in the preceding case,) 
MA -j 1 

, tvf+ 8B r- i + 2B - ••' B =°' A= =^7i 

The quantity under consideration is now reduced to 
J^ ( x _ « _ ) 

flThe integrals of 7= — and 7= — now re- 

main to be found. They can both be included in the general 

x 
case 7= — , 

J a*±x*S% + l \ X ** >J%) J . 1 

^ + 2 
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iptan- 1 



/ _^ n x d x 

•^v/2). This giyesy t/t _ my ^ +1 

= log s/(<^— * v/» + l) + ten -1 (*>/* — 1), 

f *+«j*+x - log ^+VS+D 

- tan- l («^8+ 1), .-. ***f m 7+\ * 

log a/ ^^ +I + to- (••5-1) 
V •• + ••» + ! 

+ tan- 1 («\/a + 1 )- 
And these inverse tangents may be reduced thus: 

to-'(«^a— 1) + tan" 1 («>/» + 1) 

— ta - l / a>^" 1 + Wa + l \ 
"" n \1-(*^-1)(^n/2 + 1)/ 

. -i 2*1/2 A !» •%/» * „-i^v^ 

= tan x ^ \ = tan — r- 21 — sr = tan ,-= 

i_(2^-i) 2(i-#*) (i-« 



4? 2 <fo 

7+1 "" 



VT log V ^"i + 3-71 ^ U" 

v P aPdx 

— — —s X * — • 1 4- ■ 

tf + 1 " ^ ^ + 1 

1 __ A Bx+ C 

••+ 1 "" # + 1 •* — • + l' 



08 
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.'. IssAO* 8 — * + 1) + Baj + C(* + 1) 

» = — 1, .\ I &s 8A, .-. A as \, 

3 

. S-^-aj + I) a^+flf + a 



• • 



* + 1 #+ I 



(* + l) 



= -» + 9wB« + C, 



1 1 3-* 



«■ + 1 3 (x + 1) ' ^ — * + J 

* + 7 






-^(S)--^ 



v/3 V 8 

2a?— 1 



, p da 1 



log-^** 1 



V^ — + 1 
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Also, I aPdx = •-, j dx = x, 



therefore the original integral is 



T - « + -p tan- 1 ^ — — -l + leg / T = 

The method of integrating by parts is used to great advan- 
tage in many integrals, which is as follows r— 

d{pq) = pdq + qdp, 
r.pdq z=:d(jpq) — q dp 

fpdq =pq - fqdp (I); 

or by using differential coefficients 

In the following examples we shall sometimes use (1) and 
sometimes (2). 

When integrals are of the form of / of*- 1 (a + bx*)i d x 9 
they can be rationalized by assuming a + b x* = z 9 when 

— or — h - is an integer. If — be a fraction assume a + bx* 
n n q ° n 



SO EXAMPLES ON THE 



CHAPTER III. 



(1.) fxdxs/a + x = fdx(a + x-*a) ^/a + x 
= fdx(a + x)*~a J* dx\/a + x 



i 
i 

2, J 2a, . J 



- g (• + •)- yfa + *r- 



. . du 1 y/fl? + a — \/a> 



3 , , ,! 2 1 






d# 



1 ^ + 1 2 

= (& - #)" + (a - &) (6 -x) n > 



. _ n(b — x) n n(a — b)(b — x)» 
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du 



(4.)^==(^ + «)VW4a 

= (x* + 4 a — 3 a) y/x* + 4a 
= [ff + 4a)* — 3a \/ x* + 4a. 
To integrate (x* + 4a) 5 (integrating by parts). 

^ = 3^(^ + 46)* q = x, 

dx 

.-. fdx{aP + 4a)*= x(x % + 4a) § - 3 C#dx («* + 4 a) 
=* (** + 4a)* - 3 fikUffi +4a)*' + 12 a A* («» + 4a) , 

« ft 1 

/. /2*(* ? + 4a) = | (•» + 4a)' + *ajdx(ft + 4a) , 

# I 

.% t* = -(ar> + 4a) . 

(5)^- — - ^- ■ Leta + ffs* 2 

</w du dx 1.2 

8* = 



rf* dx dz (** — a)* s 3 — a 

= _L_f 1 . i_4 

1 _ # — v/a ;1 , z* — a 
tt = -plog v ,- = ~F^log y - Y , 

V a # + v a \/a (# + v «' 
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= -7= lo g 



y/a y/a + x -f y/a 
(6.) — = ^ — Z — . Let a + bx* = *\ 

\ 6 / ' dz $ 3(* 2 -^a)i 

a"tt du dx $z 2z 

Tz~ dm* dz~~ (f^ a yk ' 3 jt (^- fl )f 



9** 2r a ^ 



v a 






2z 9 y/a , # + y/a 

2* SnAj * + \/« 



3 3 e ^/?r 



a 



__ 2 y/a + bx* 2 y/a , y/a + bx* + y/a 

8 3 0g y/fi? 

__ 2 y/q + 5a? 3 2 \/a f yA + aa*"" 3 + y/qar 8 
8 --3- 10 * 7T~ 
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- + i 



»+* 



g-JaAP^" 



= , ( if a? = # ), 

* s/z* + a \ * / 

= _L log \/£fjfv^I+Z. 
* 'Jy/* + m + l~~J Vl*+W+i 

- log {\/(* + *)' + i +:• + i> 

= log {%\/aP + * + 1 + 2* + 1} + C. 
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1 

X — — 

= sin- 1 — — = sin" 1 _ 1. 

(10.) r ?*,-= ■ Let 1 - * = *», 



/2__££ * r ^* 

J (\ + *) v/I^Ti "" "" c/ 2^" 



— ^ c p &z n &z \ 

= 73 log 7^ = 7s log — 2 = *r— 

= Ii 02 !zfz!vVr^ i 



dz 



z* 



/ ** _ _ ^ dz 

= _iog ( ** n/ 1 +* + ** + a + *n 
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= log 



%</l +*+*' + %+* 



~" l0g 4 + 4* + a* - 4-4* - 4«* 



-log ^ 

* '' d # ~ v^cr? a vV - (a 8 ) 2 

1 *' 

_u 1 1 



>/9 _(2* + l) a 

.•. U = Bill x r . 






<*0 >/(**_ a 2 ) (ft*-* 8 ) 



a? 



V* 8 — a a \/& 2 — a*- (** — a 58 ) 
/. w = sin- 1 a / x ~~ a * 
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EXAMPLES ON TOE 



T . 1 dx I 

Let X = - 7- bs - -,i 

dz ~~ d* ' 57 Vl-aV «/**** — I * "" ^ 
a 8 * 1 



vrz 






,\ m = — sin- 1 
#6 



1 — a** g 
a 2 
6* 



= — sin-> -A/ — _. 

(10.) -- «S5 >_!-; 

ix (i+«)v/T^7 



(1 + *) ^3(1 + #)- (1 + xf 

v/a(i+«)-i-^i B 



- Vi - — vm 



(17) ** cr " 



a 



x (1 + a 2 ) 



,2\-2 



(l + a^s/a (i + * s ) - (i + *y ^/a (i + «=)-!_ i' 



,. « - _ Jv a a + or 1 - 1 - - ^Vrr 



«* 

*? 
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du _ (a + N/l+g 1 )" 

< 18,) Tx ~ v/l+P 






. rfw \ ^^^ 

W ^ = (l+*)v/l + *-^ 

Let 1 + * =- *. «'«(*- I) 8 * 

tfu du dx __ 



Tz~~ d* dz zs/z-{z-X) % zs/**-*-l 



1 dz 1^ 

7 dv ~~ v* 

3 



Let z ss -> -^7 =s — -3 



rfu df« <J* 1 * 



dv ~~ dz ' dv v 2 ^/sv — 1 — J 

— 1 



VRF? 



8 
• a =s — sin- 1 —7= — p« — wn — -r=- 

8* + l 



(_ L?_iJ_-\ 
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du 
(20.) £- = 



* x (x + b) \/x + a 

Let x + assz 1 ~=- = 2z 9 

dz 

du du dx 1 A 2 

. 2* as 



ete dx dz (z 2 — a + 6)s ' s* + b — a* 



2 * 

.*. u = tan-i 



2 



>/b = 



tan" 



-i A /» + * 



<w £- 



<fe> (» + J) («, + a )i 



a — ft l« + ft + a J y/a- + a * 



a — b (x + b)*/x + a * — *> (x + a)i 

2 +<m -i A A + tf , 3 1 

,\ u = j tan A/ H 

(J — a) 1 v * — « a — 5 v x + a 

« a 2 



vV— a 8 W** — a * 



a 

.% u = ^a?* — - a* — a sec ' j 
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rftt _ */tf±rf _ a 2 + 1 

& ' dx "" a* af^ ± & ~ Va 2 d: x* 



To integrate 



x* Va 2 ± a* 



Let x = -» 



1 <fo 1 



;> 



*' rf# Z % 

du dx du 1 z* 



dz dz ' dx z* s/a* z * ± 1 Va** 8 ± 1 

*/aV + 1 

.••« = - -^ , 



a 2 



•'. / = — dx = -2- + log(0 + v a" + #'), . 

•s X X 

or, = sin-» -, accordingly as 

x « 

we use a* + x* or a* — re*. 
,* t * du i 



rf« >/«* + *•» — Va»— #» 



Vq 2 + g 2 + A/ a 2 - a? 2 
8** 



1 v ^a 2 + x> 1 VV — a 8 
By last example, 






do? 



+ 5 l°g (* + ^^T^) r- 1 shr< 
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.•• t* = a sin-> ^/a* — <p*. 



(26 



.\ w ss log (* + W — a») + see-*-. 



(27.) *L-m./±±.? m «* , g_ 



To integrate 



#' 



BE3. 






<?» r ■ 









IHTSGBAL OALOULTO. M 



p xdx p m*dx 

a 8 a? / . #\ , 

<2u 1 

dx M 

Letl-3ac* + aV = s° ^=-^ 

— Sac 1 ** = ^--5 ~ 



l-2ac * 



c*-|-a 2 + * 2 -l-a 2 c 2 

+ a 2 c ■ =* -| » 



du </u d# 



<** dx* dx ac ' zy /x*— (1 _ a 2 — c* + a 2 c 2 ) 



"" a ^y - (I -a 56 — c 38 + aV) 

* 

/. u = - -log{* + ^-(l-a'-c' + aV)} 
a * 

ss -log{v/l — Sac^ + a'c 8 + \A 8 — Sacar + c 2 } 
a 

/09 ^ _ — . — Let * =s - 



du 



% 



dz~~ ** (^-1)^1 + ^ (* 2 — l)<v/l+* 2 ' 



Let 1 + * 2 = fl 2 , ^-lev 2 — 8, 



iv yV— 1 



] 



48 EXAMPLES ON THE 

du __ du dz y/& — 1 v 

dv~~dz'dv ~~ "" (v* — 2) v ' ^/JTTT ^ "" ^^2 

^n_ 1 f 1 1 -j 

-log v 



1 . y/l +** + \/2* 

(30.) ' & = L 7=- Let ^ = ^ 

du * 



dz (i + z *) s/ z % — 1 



dz v 

Let ** - 1 = t>*, 1+ *> = *» + 9, — =a 



du__du dz __ y/V + 1 fl __ _ 



dv dz * dx (v* + 2)v* ^/V + l t? 2 +8 

1 , v 1 x iv/^ 11 ! 
u= 7z tan" 1 — 7= = 7= tan l ^ — 7=— 

v/a \/2 \/3 V^ 

= 7= tan"* 1 v * 
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n dx r \ . dz 

(31.) / 7==. Let x = -, dx = — -3 

* 2 . ^ 2* - 1 

B - m, ^r s - |inl -7r 

. , 2 — # . ,* — 2 
= — sin"" 1 — 77— = sin l —- — 

dx ^ 1 

Let 1 + x = 



ar 8 * 



( 89 ) r ** 

,; */(l+*)v/H- 

1 d# 
# = ~ -— 1, dx = — *— s- 

# Z" 

/» tf# /» # 2 

,% y (i + «) v/rr^ j\ / 8 _» + a 

1_. f v/H-a? l-a» \ 
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} 



i , W%\/ 1 L -M*±_Lri£ 
"Ts 108 ! »(* + •> 

~ 7» g i — a> + v» v/vT^ 

1 . 2 (1 + *) {1 - • - V» s/l + ^} 

i , (3 (i -x-jjijJT+jFn 
= 7» g 1 -(i + *) J 



(33.) 7J 



JO? 



1 



Let 1— ** = *V 



*'=* 



1 + ir = 



2 + s 2 



21og#=— log(# 2 + l)i 

dx zdz 

~x~ ~"~V + 1 






1 * 1 

_ J_ cor 1 -^r = -7K COt 






Let =x cot' 



V2» 



cotfi = 



_ y/l - g 2 " 



<s/2tf 



COS0 = 



cot 9 



y2E 



^— • 



v/l +oot 2 
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VI —#* , /l x % 

—p /.•-oor*^— ^ 

r dx 1 , A /r^a? 

.\ / — = cos l A / s- 



tfa? 



(34.)' /"— — **, Let 1 + a* = +* 

a? — 1 _ ^ — * """ • 

*» — 1 ^""^-1 

ftlogiCss: — l0g(^— 1) 



*!£ ** — 1 

r* dx __ r dz z 2 — l __ /» <J# 

J(l-x 2 )xz ~" "V **~^~1 x 0»-2 Jz T ~^% 

_ . 1 f /2J*£_ _ /* *** ) 
— 2 V» !«/* + s/8 Jz—'JI) 

as/2 8 *~v» 8V2 VfT?"- ys* 
i (y/i+^+s/agy i fl v/i±?W2« 

2^2 g l+*»— JW 1 V2 8 s/T^~ ' 

P dm 1 

(85.) A: 1 .ik . Let 1 + « = - 



** 



* *r x xx- 

d 2 
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y" dx __ /» <fe 

(i + x ) s/Y=T=Ttf *^i A /i + I_I 

]_ __ /2__f*£__ -_ /I rf * 



iog{v> + *-i +* + g 



vFin 



n 



5/ 



= -*°g( v l + a + r+? + sj 

f 2 ^/l — * — «» + « + 8\ 

— M »(i + «) J 

-kgf , 2(1+g) } 

g I a? 2 + 6a + 9 — 4 + 4* + 4a? 8 J 



_ 2(1 + g) (a + 3 — 2^1- a? — a? 2 ) 
"" g 5 (1 + mf 



x + 8 — 2 >/l — x — x 2 , 

.log _ + c. 

# p dx p dx 

s: — / ,. 7 =*■ = COS"" 1 r-. 



(3r) yj*+b)i 
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dx _ l d z 



. Let s=-, dx = — 









X 



* (az* + b)h a(a + bx*)i 



< 88 )/-v^-:=/7T% + /7s 






#e?# 






. , r dx 



a^<fcc 



/» xax 






sin - 1 *, 



i • - 



-jjv/ 1 — ** +Q sin-* 

= isin-'*-(2+*) ^l-* 8 , 
4 8 
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(39.) f^Mz. Lrt^-rf 



x 



2 2—4 4 



/Jxdx % f dz 8 . ^, z 

jl ^s _ w .^———^ «— _ sin •■" 



- sin l — 



3 



Let = sin* 1 —, sin = --, 

1 \ 

a or 



tanfl = — 



/l-sin 2 -v/a 3 -or 3 

.-. /W<** B j to -» /T, 
c/ Va 3 -*» 3 # V a 3 -* 8 

(40.) / ** , = n ** ,r 



Let # + a = -, d # = — — 



__ __ C &* P ' %dz 
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56 






(» + «)* 









_ n dz _._ P *<** 

~"~J . 1 /3S I Jjioz-l 

-- - 1 *<s/2aff— 1 + / <s/2a*— 1 • dz 
a u 

I pbzdz 1 r_dz___ 

= — -*^%az—l + Jy/%az-\ *J *J%az—\ 

8a\ar aa/ v 



//i . J& , paP&ot , rx* dx 

/^ dx __ n 2 x* dx 

<# p x dx p x 5 d x 
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"J */l- x *~ 4 4»7 V 1 -(-«*)" 



** 



= -j^l-a« + - cos" 1 (- **), 



= -^2 + j; s/l_^ + _ -cos"' (-«*)• 



Let 9 = icos-' (-a 8 ) 



cos 4 6 = — ar 8 



tan 8 8 = A / !-«»*> = A A±£? 
A/ 1+COS4 9 A' 1-a' 

(43.) f*-±J^Z*. L. t ».= s^ 

«' ^ — *» y> = a a — c" *' 
I (C-y»)« j oy 
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, a* y (1 — e") dy 

XaX s= — Z-A r- — — 

(c\-y')» 

da>_ a'yjl-^dy c* - y' _ y(l-o«)rfy 
* C - »? * «' (1 - y')"~ (1 ~ J^) (<>' - y')' 

/<** /a 8 — c* s 8 _ ry*(l — c')dy 
*V a*-** - J(\-f)(c*-tf) 

1 / » 1 1 / » 1 c /» 1 c / » 1 

%J l+y~%J T^y + IJ <T+7 + »*/ c^ 7 " 

2 *1 +« + 2 8 c-y 



-wV(nJ)(Bf)- 



(44.) /'^ti ** 



's' + l <*«_ 

1 +#~ a dfa? 



-/ 



d (a - a" 1 ) 



(* _ *-») ->/(«-! _ #)» - {a - 3) 



f a?- 1 — * 1 . «*— 1 
sec"" 1 ■ =s — sec"" 1 



s/ a — a </a— 2 >/a — 3 Wa— 2 



cos ■ 



>/a_2 a 2 -! ' 



d 3 
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FORMULA OP REDUCTION, 

p. aPdx 
J s/ 2 ax — x 1 



r ardx _/_ rar- l (a — x)dx p str~ x dx 

J\/^ax^x 2 J y/Sate — x* ' J s/% ax — If 

Making* = *»-, d q = ( ^A^ r , . 

V 2 ax — x 2 

and /. dp=(n — 1) a?— 3 <*#, j = y/2ax—x\ 

we have fpdq = pq- fqdp, .; f *' } (*~~ *l 

J y/2 ax — x* 

= a^V^*-* 8 - (n - l)far-*s/2ax-a?dx 

= *"- 1 ^/2^-^ - (n-1) ,2a /1^^_ . 

•^ \/2 ax — a? 

of 1 dx 



+ (n-l) / -— — _. 



Substituting" this value in the original expression, we have 

+ »..(.-l)/#S =i -.(..l)/L^ = 



+ a f: 



x*- 1 dx 
s/%ax—x %% 
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\ J J y/Zax — x 2 



+ a(2rc-l) / y 



« B d# — a—VSa* — ** 



'Jy/%ax~ 



r — - *> ■ I MH 



+ 



a 2 n 

a(2w-l) /» ^"'^^ 
n */ *^2 a — x* 



a* da 



V'jJ ax + x 2 

x*~~ l d x 



/* x* dx _ r m _j (a + aQtfg _ /» ^ w "" 1 dx 

J */2 ax + x*~~J -/Qax+x* J x/Zax + x 2 

t 

rx *~* (a + *) This becomeg> if p = ^.-i 
*/ sl%ax + X 2 

(a •+• a?) «te / /• -. r * 

dq= /- ==? .'.q = </Zax+x i 9 fpdq = pq-Jqdp 9 

y/ \tax-\-x* 



1 (« + *) 



/jr - ' (a + X) , 

— - •>- ■■ < =dr i sj%ax + n % 
v%ax + x 2 

_ ( n — 1) j &s/% ax+x 2 dx =s aT- l \/% ax + x 2 

P a?- 1 dx . ^. /* x n dx 
-a.a(n-l)/— ======= -(n-1)/ y- — . 
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Substituting this in the original expression, 
n x*dx % / /» x*~*dx 

Js/Zax+x 2 Jy/Zax + x* 

x*dx n x*~ l dx 



— (* — 1) / / : — a /-— 

*Sy/2ax + x 2 J y/% 



ax+x 2 



_ x*~ l s/bax+x 2 g(2n — 1 ) /> s—'efa 

w w J \/%ax + x* 



J x 



dx 



x*\/%ax—x 2 



/* <fo /* dx(a — x) 



Jf" 1 x/ilax—x* J x* x/Sax—x 2 

dx 
s/^ax—x 2 *' 






Now, making f = -1 and dg= (« -•)*« . 

a s/bax-x 2 

and .•. dp = — war*" 1 <fo, ^ = s/^ax—x 2 * 

there results 

r(a — x)dx _\/kax^x 2 r s/Zax — tf.dx 

i afy/Zax-x 2 & J *»+* 

.^s/Zax — x 2 C dx 



+ 2 



a ^ 



* Jx'y/Zax-x 2 

r dx 

— n I 

•saT-iy/Sax — x 2 
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Substituting this in the equation (a) we obtain 
/» dx y/Sax — x 2 /* dx 

JaP^y/Zax-x 2 ** Jx**/%ax-x 2 



n dx p dx 
+ n I , + a I t 

i/« M v2a«-^ J afx/Sax— x 2 

, N P dx */%ax—x 2 

J x n *J%ax — x 2 & 

(n _ 1} /!_*_ 



+ 



/ <?* __ s/^ax — x 2 

x* s/%ax — ^ a(2n — 1)^ 

n — 1 /» <J# 

+ a (2n - 1)^/ a*-i s/%Kx^ 

y<» <£# /• (a + #) <fo /» ^ 

** -I v'2a^+^ ""•/ x n */%ax + x 2 Jx*»/2ax+x 

„ , (a 4- s) d# 

If j) = a?-^ and ag = V -. 

v$ax + ar 



~ , /*((* + x)dx s/Zax + x 2 S**/%ax+x 2 dx 

We have/ , ; , = Z — .„/ — 5ffi — 

- — ^— + * a VWwF^' 

p dx 

+ n I , 

Jar-WQax + x* 

and by substitution in the first expression there results : 

p dx __ */%ax+x* 

JxP-WZax+x 2 x n 
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+ (2an - a) f— ===== + n /* J! — — 



(1 — n) /» <fo */%ax + x % 






a(2n — X) J st- l */%ax+& *"a(2n- 1) 



=/; 



a^VSaa + i 8 ' 



— i. « 8 __ 1 f a* + *' a> 8 l 



JL 1 1 a?' 

a 8 ' (a* + « 8 ) w - 1 ~ ^? (a 8 + x*y 



/dx __ I p dx 1 psfdx 
(a 8 + x % f "~ "J?./ (TT^P 1 " </«* + <)r' 



a* da 



_. /* x dx p x , /* 

But / 7-5— — =r~ s»s / » 7% =r- a« « I pdq, 

J (a 8 + a> 8 ) ^7 (a 2 + **) J* * 



ifp^^ndif-pf^; 



y" araa? —a? 

(a 8 + **)" "" (an - 2) (a 2 + a 2 )— 

1 /» dx 
+ % n -%J (a 8 + a*)" 1 5 
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/dot 1 * 

(FT.!?? = a* (2» - 2) («»•+ a*')- 1 

1 « _ an — 3 A <*<■> 

= ^ (9»-8)(a» + rf)— x + «* (»» - 2 V (? + X, ) H ~ , ' 



(2, 

an — 8 A «**' 



** tot fjf?k -f"" 1 dx &+t?f Wehave ' 



if px=ar'\ dq=x(a* + x*)- n dx: 

aTdx 



/ or ax 
(« 2 + *y 



"i 



1 a^- 1 m— 1 ££_lfL?L 






/» '^1 , aCa" — «*) r « 



• ■ n+1 T »+iy v 



2 r% » — 9 
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J y2fl* — x % n 

/ 2n — l \ p a*"" 1 dx 
a \ ~ 'J s /%ax-x C 

If we make n = 2 this expression becomes 

Also / — m = — v/2a« — ar* + a ver sin" 1 ( - ); 

J y/%ax-x* W 

aj 8 d* x\/%ax — x 2 a /- 

\Z2ax — x 2 A « 

, 3a 2 . ./*\ 

+ T wm (.") 

_ (* + 3a) / 8 «» /•* \ 

= r y' a a* — ar H — — ver sin 'I - I 



A 



dx 



x 



(a 2 + «■)» 2n - 2 # a 2 (« a + * 2 ) 



»— i 



2n — 3 ^ /» dx 

2n - 2 * a 2 'J^+xJ^ 

If n = 4 we have /!—£_. — 

c/ (a 2 + a?') 4 

1 # 5 /* dx 

6^ # (a 2 + a? 2 ) s * 8?y^T^ 
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y<» dx I x 8 p dx 

(a 8 + a 2 ) 3 ~" U 8 ' (a 8 + #7» + 4a 2 ^/(a 3 + *') 

A1 /• <fo 1 * 1 x 



■ • 



the required integral is 

1*5 

+ 



6a 3 # (a 8 + x*f ^6 . 4a 4 (a 8 + a? 8 ) 8 
+ 6.4.2a 6 # a 8 + a 3 + 6.4.3 a 7 ' W* 

*" (1 + a 2 )*' • 

The formula of reduction is 

_ 1 (s 2 +l)* _ n — 2 /» dx 
(» _ i) ^-i n-lj a^a (i + ^)i' 

If n = 6, we have / — 



(1 + a 8 )* 



__! (a* + 1)* 4 /- <** 

5 ** 5 7 «*(! + 



a 8 )* 



«« (1 + * 2 )* ~ 3 * or 1 3 J & (^ + ^4' 



tf 8 (** + 1)* "~ 



dx _ - (1 + *»)* 

or 



06 EXAMPLES ON THE 

And by redaction this becomes 



r dx 1 (1+ x 1 )* 4 (1+^ 

J x* (** + !)* B ** - 8. -5 «■ 



4.2 (1 + a 2 )* 
5.8 # ,x " 



The formula of reduction is 



If n = 6, this becomes 

/ » <fo 1 (s» — 1)> £ /» <fo 

r dx 1 (a? 2 — 1)> a /2_J*1_ 



'<te _ (a 2 - 1)* 
(a? 2 _ l)i "" * 



r dx 
J x*(x>- 

Therefore, we have the required integral 

_ 1 {x* - 1)* 4 (f - 1)* ^4 (*»-!)> . 
""5' X s + 8.5 a 8 + 8.6 x 
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CHAPTER IV. 



(1.) ^=**Gog») a (log^=^, $|«* 



dp ft , 1 a 3 

/. = 2log*.-, 3=-q 






/"•^•"L i 






Ax x 



X s 

2 = 1T; 



0*-log« X* 

9' 



*» (log af a ^logs . ■ 8^ 
^{QogxY-llosx + H 



x*dx 



\p = (log x) 



-i 



dg = x*dx 



(3 'V V^g* 



l rt ._,« 5* 



X 



x* 
9 "1) 



= ^(log •)-! + ~ yV<*« (log *) _l 
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Similarly integrating by parts, 



J>dx (log«)-i = J 4 (log *)~\ + ~y>^(log •)-!, 
y>rf* (log*)" 1 = j Gog*)* -1 + ^ fodmQogmyl, 
f**m<to x)~l = J (log *)-& + —f^da, (log*)-*, 



.'• M =5 



a?* 



4 vl°g » 



8 <4(log#) 8 8 \4(log^}* 8 • 4(log*)y/j' 

** |l + 1 . 3 3.5 *i 

4v/log* I + 8 log* + (81og*) a + (8 log*) 8 + &C, J- 



(3 'V (log*) 3 ""/ * QogmY 



p as a 5 dq ss 






(log *)» 



df» = hx*dw q = - , 

2 (log*)* 



a* da 



as — J- P-fLZ^L 

" u -~ 2 (iog#)* + ^y (log *)*■ 
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In like manner, 

/x*dx __ x* * r x*dx 
3 (log *)* ~" ~" log a? c/ log x f 

_ a** 5** 25 /V<te 

•"• M "" "" 2 (log *)* "" 2 log a + 3 c/ log x . 






'rfp = 3x*dx = T" 

A 



arV 8 



— : I a* a? dx 

A A./ 



a* a?* dx = — I a*xdx 

/a*x 1 /• . , a* # «* 

""* IT" A 2 + A 3 A 4 J 
(5.) fa(\ogxfdx p — (logxf dq = x*dx 

* dx x* 

^=3 (log*)* — ? = -j 

/"> (log ») 8 dx = -j- (log *)* - ^yV' Gog *)' *> 

similarly, /V (log*) 2 <fo = -j- (log*) 8 - -felogxdx 
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/ aPdx log x = — log x — - I ®* dx 



x*- 1 

= log „-_*, 



•\ / x*(Logx)*dx = 

T |(l0g^) 8 _ -(log*)* + — logo? --J5-J. 

(6.) re*x A dx = e*oi i --4:Je x a? i dx 

ie*x 3 dx = e*z? — S I e* x 2 dx 
I e* x* dx r= <e* x* — 3 I e* xdx 
I e* xdx =z e* x — I e* dx z= e* x — e*, 
.-. YV a? 1 J* = «*(«* ~ 4s 8 + 12a 8 — 24a + 24). 

(7.) /V^rfxss— tf-M^ + S re-*x*dx 
I e-B&dxzsi'—erta? + % I er*xdx 
l<r*%dx'=. — er*x + / er*dx=— e~*x ■—*"-*, 



(8.) r ? x \ogx 

} J v/H- ** \dp 1 
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©an log # jr = — 7=== 



-y/T+7V*m-f'£-± 



» — - 



(fo /» #<£# 









«• — 1 + 8 









*-l 

+ 1 
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EXAMPLES ON THE 



(10. 



I — 3* + 1 



J (I -a?) Vl—x 2 */ (l-a>)</l-** 

Vl + a> (r — a?) + (1 + x) 1 Vl — a? 



(I-*) 8 2 ^ 



^ n/1 — x \ VI — */ 



1 — a?) 

1 + a>' 



= ** - 



Vl + 



a? 



>/T^ 



a; 



xe* dx 



/X€r {£ X 



dp = dx q = — 



e*dx 
(<? - I) 8 

dx 



zif-iy' 



/xe* dx a? \ p dx 

(«" - 1)' »(**-l) 9 + %Jlp~^Tf 

__ a? \ p dx 1 r* e* dx 

_ a 1 fe*dx 1 /V dto \ r e* i 



e* dx 

(«-"=T) 



2 



a? 1 *» 

5 + o lo 8 



1 1 



2(«*-l)* ' g 



^— 1 2** — i 



2 8 **-l 2(^-1)1 ^#»- 1/ 









integral CALCULUS. 


(12.) 


du 
dx 


~5* 


p 


= a* 


<J# or 4 ' 








dp 
dx 


ess A a* 


s ""sy 






• 
• • 


U = — ■ 


a* 

. — 4. 


A f*a?dx 
3J ** 


Similarly, 














fa* dx 

J * "" 


a* 


A PaPdx 
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/o?dx __ a* Pa* dx 

x 9 x J x 



a* A f a* A/ a* A / % a*djc\') 



— * f 1 A A 2 1 A 8 />a*fl 

*\3^ + 273^ + 2.34 + %.dj ~~x 

(13.) — = —n j> = * * -r***' 
dx wx dx 

dp 1 —a a* 

,\ u = — -. H /a? "'a* da?, 

Ax* %AJ 

also Z 1 x~~*a*dx*ss-^ H / x~*a*dx 

J AX* %A%J 

/m^a' dx= -^-r + — /* •"*<* <*#, 
A*' 2A*/ 



E 
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a» 1 ( a' 8 / a* 5 a* . \) 

o» ( 1 8 3.5 A ) 

Another result may be obtained by the following method. 

du a* d q . 

«* s/*> r dm 

-7-^ = A a* g = 2ffk 

Also, ^/ a* #*<**= - a*a$ — - A Caf^dx. 

J a* s&d #= -fl*aJ-7A/a'^^, 
I a*& da= -a'sfr— - A / a*aPdx $ 
.-. u = 2a*#* — 2AJ -a*d£ — -A (g0*«* 

-gA-a***,&e.JJ. 
** fn-* (fcrA) 8 , (2*A)» (3*A)« 



/.USB -=. J 3#A - 1- 

A ^« I 8 



3.6 3. 5,7 



+ &c. y 
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du 



(14,) ^ BSB an*rf»i ! _ a m jl+n*log 



+ £f**£ +& c} 



n 2 



= tf* + nx*±\ log x -f ~ 0*+ a flog <p) a + &c, 



2 



.-. u = + n / «F+» log#d?a 

w + 1 */ ' 

^(loga?)" Arss— — - I (log a) n m- (logs)"- 1 

n(n-l)(n 8 ) 2 ,1 | 

/fl.w + 2 # -I 
^-mogjg^--, , | fog 0^ _ ) 
mf M^ m + 2J 

f ^(hfxfdx** fI*L {(log*) 3 



T§ log;ar + (5rr-3p}' 



Arranging the terms according to the powers of log x % 

e 2 
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r . «r +l «*r +t »**r +t n**r+* , ^ 

+ » log* < — + j-, «c.f 

If * = all the terms vanish. 
If* = 1, C &* . af* da becomes 



n n 2 n 3 



m+l"~(m + %y + (m + 3) 3 (ro + 4)' + ' 
,.- . rf« log* . e? q 1 



d[£ 1 1_ 

da """ 1 + *' 

% 1 +* •/ *(1 + *) 

log a S*dx p da 

x -f- » 



1 + X 



log*—log(l + *). 
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CHAPTER V. 



(1.) y^sin 8 dt = /sin 6 (1 - cos* 0)<M 



as / sin0<M -p /sin0cos*t<Z6 



nAfl * , cos* ■ cos (1 - sin* 0) 

COS + — ^— =xs — COS + — ^ ' 

O o 



2 A cos sin 8 

-COS0 j— 



(2.) /cos 8 Orff = /cos (1 - sin 2 0) dB 

= /cos d B-— /cos sin* B dB 

. fl sin 8 . , sin (1 - cos 2 0) 
= sin — = sin 8 ^^ 



2 sin 9 t sin cos 2 
"3~ + 3 
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. rdB _ i (sin 2 9 + cos 2 0) dO 
( >'J Bm»B~J sin 3 © 



dO . r cos* 0d$ 



~^/ sin 6 J 



sin 3 

cos 6 . . = — cos ■ . ... — - / . ,. , 
sm 3 2sin*0 %J sin 2 

d0 1 cos 



/ >d6 _1 /» Jfl 1 c< 
sin 3 ^ ""2c/ sinl"~2S 



sin 2 
\ 1 cos 



=±* £ log [ tan *- } -«- - - . „ 
* 8 \ 2/ 2sin 2 

f±\ C g fe 8 ^ ^ /»sin0J0 nzmOdQ 
* * J ■ 'cos 4 *V cbs 4 y cos 2 * 

1 x x f 1 , • .A 

*s^-c^ = 3^4i~ 1 + sm() j 

{sin'fl-?}, 



3 cos 3 



(5.) fa? tan- 1 /^/? <fo. Let^ = ^ 

ar 3 = a 3 *« * 9 tf* = 2a 3 s 5 tf*, 

* * 

.\ /a 2 tan"" 1 A/ - da = 2 a 3 /V tan"" 1 #rfz 



p = tari* * # d q = 2 a 3 z> d z 

1 a 3 * 6 



.". u 



— - tittl — *r / . " ' ' " « * 



-¥ — - v«-i*'} + r- 



&& c sfi a? 



8 ^ a 8 \ 5 8 T / 

(6.) ^=icosM j> =008*0 ji— 008 * 



J0 ^ d* 



.-. r cos 6 0<J0==sin0cos 5 + $ fcof>>*$Ma?6de 

= sin0cos 5 + 5 fcoB*0dx—6 fca&Bd*, 



sin cos 5 . 5 



CO8 6 0d6=* r hg / COS 4 



0tfd. 



Similarly, 



fw&*$d$=* jsto0C0B 8 + - Cito&idB 
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/l 1 /• 1 

cos*0<J 0= - sin* cos* + - I dB^z -sin0cos0+- 



cos e 0rf0 = — -^ • + ^ jj Bind cos 3 tf + t 

(-sind cos 4 + a )j 



. A (cos 5 5 coa* 8 cos 6} 

= sin B < — « h 1 > 

i 6 ^ 24 ^ 16 J 



'cos 5 5 coa' B 8 cos 01 6 B 



(T.) j^ «ss sin* 6 cos 4 d s= cos 4 6— cos* A. 

But from preceding example, 

/4aja • ^fcos 8 * , Scostf) se 
cos 4 BdB =sin |— j- + — q— j + -g- 

/.- ,. . .fcos 5 * , 5 cos 8 * , 5cosd) , 66 
. „f cos 5 * cos 3 * , cos 01 . * 

... ttss=8in ^__ + __ + _l + _ 6 



. M f cos* * sin 2 6 cos 8 , cos 8 B cos * 7 , B 

■ m «j__ + __ — + _ +_ j + _ 

. - f sin* 6 cos' 4 1 „„ . lift , cosdl , 



sin* B cob 3 B sin* cos B sin * cos B B 
6 + 8 Itt + 16* 
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du 



(8.) -rjj = sin 6 8 cos 3 a sin*9cos9 — siE 8 0cos9, 



u = 



sin 7 fl sin 9 9 



sin 9 9 . 7A C1 sin*0) 
— — as sin 7 s- — — — r 
9 17 9 J 



= sin 7 0{i-.I 
= sin 7 0| 



— cos*0 



9 



} 



63) 



1 '' J sin*8"V sin 4 + J sin 8 



/cos'dddl 
sin 6 



= COS0 



sin 8 9 
<*9 



COS9 

sin 6 fi 



^ • A 



4sin 4 



/ cos a 9ri0 _ cos 9 1 r dB 
""sua 5 ! 4 sin 4 9 "" ly sin 8 

— c08 ^ % P d$ 



9' 



/jW oos8 l r dQ 
sin 8 9~ 88^*9 + £•/ sin0' 

r 

/dO oos( , 1. / 0\ 

5^ = -8li*e + 2 l0g V ten 8> 



,\ U = 



cos 9 8 cos 9 3 . / \ 



s= — cosfl 



{r™ + 8^i} + I 1 °8( tan |> 



e 3 
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( > JiCOB 6 0~~J cos 6 * *V cos 4 

— # A ^S — g * n ^ 

* ~" O*0 "~" 008*0' 

■^ = COS0 g = r 1 tt;» 

dfi * 6 cos 5 9 



/ sin 2 0d0 sin 1 /•«& 
cos 6 5 cos 5 5 c/ cos 4 



sin 4 r d 



•'• «* — rrr*^ + 



i r de 

6 J cos 4 



5cos 5 5*7 cos 4 
Similarly, 

dB sin0 4 2 / ,a*0 



/ ad sing g / 

cos 4 * 8cos 8 + S^/ 



cos 2 



__ sin 2 sin 

""" Sco?I 8 cos? . . 

_ sind 4 f sind. 2sinfl | 
•'" M ™ JwnM + 6 t Iws^ + Scosli 

— * f 1 * 8 n 

~" 16 cos 5 + 15co*»0 * 16 oosAI 

t% , x aw sin 5 ^ sin (1 — 2 cos 2 + cos 4 0) 

V ' <J0 COS 2 COS 2 . . : 



sin _ » - . * _ 
: — *— — ' 2sin0 4- sm0coB 2 f 
cos 

1 . cos 3 

t \ U=m - 4- % COB ^ — ' j* 

QOB0 3 
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1 j\ i ft 84 C0B *) 

cos0( 8 J 

If, o « ^* l-2sin 2 fl + sin 4 0*l 

= -— -.{1+2— 2sin 2 0- -s-^- I 

cob $ ( 3 J 

1 fsin 4 fl 4sin 2 Q 8) 

"" cosfij 8 + 3 ""3j" 

,,.. rftt COS 4 , A <fo cos0 

v ' dO em* 6 v dB sin'fl 



dp rt . A mjt 1 

-^= - 3 sind COS 2 J = — r-^™ 
at) 2 sin 2 

— c6s 3 3 r co& 6 d6 
cos*0 3 /» cos 2 6d0 3 rw&6d0 



2 sin 2 * 



_» r oo^edo 3 pour ede 

%J sin 3 + 2y sin 3 ' 



■"• «* = tt-2 + 3 / — r-5— 
sin 8 A ^7 sin 3 

<fy cos 



p ss cos 



d0~ sin 3 



* = -a- sin 6 q = — 



iW * 2sin 2 

ISFdH* Zmn*e~$J sin0 



cos A 
2sin 2 



-.ikg(taj) 
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COS 3 * 3cOS0 3 



COB? 6 3COS0 3, / B\ 

sin'0 2sin*0 2 & \ 2/ 
If,. 3cos0) 3- / B\ 



{ '' d B ~~ sin' B cos 3 """ cos 3 B + sin^cos^ 

_ sin*4 1 ,_]__ cos^ 

~"cos 3 cosd cosd sin 8 ' 



tia*Bd6 ^ r dB 



CO8 3 J 



cos B sin B 



2> = sin ji = — j- 

a0 cos 3 B 

dp * 1 

—. = COS a gr = -- , 

dB * 2cos 2 

/ w&BdB __ sin 4 1 n dB 
cos 3 ~ Zcob'B^qJ cos? 



— ^^ § P dB 1 

' W ~"2cos 2 + zJoosB "sM 



1 CI -cos 2 * .7 8. r /* 0y> 
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(U ) du ^ 1 ^ 1 i * 



dB sin 4 cos 2 sin* cos 8 sin 4 6 

1 1 1 cos'* 

cos 2 + sin 2 + sin 2 + sin 4 6 



.-. u = tan0 + 2 / •— - 4- / . ±A 

J sin 2 V sm 4 

/ M da cos0 

Md6\ dB sin* 6 



/cosfoae i 
sin 4 ) dp 

f -=£■ = — si 



sin gr = — 




1 



\dB. * 3sin 3 

— _ cog * 1 /• dtf 
Swn^^Sy su?0' 

cos0 . ,, 5 r dB 



u = — 



+ tend + - A^ 
§J sii 



3sin 3 ' ' 3 J sin 2 

cos 2 sin B 6 cos 



+ — .-^ 



8 sin 8 B cos cos B 3 sin 

1 - sin 2 B 3sin 2 — 5cos*0 
3 sin 3 B cos B 3 sin B cos B 

1 1 +3sin 2 0- 5cos 2 

3sia 3 0cos0 3sin0cos0 

4 (sin 3 — cos 2 0) 



+ 



3 sin 8 G cos 3 sin cos 9 

1 8 co8 2 Q — sin 2 

3 sin 3 cos 9 3 2 sin cos 



Q 

— -cot 20. 



8 sm 3 cos 3 
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(15.) ^ = tan 4 = tan 2 0(l + tan 8 8) «- tfln 8 

=*tan 2 0(l + tan 2 0)-(l + tan 2 0) + 1, 

tftn 8 

.-. m = — - tan + 0. 



nfn gu^ 1 ^ l+tan 2 1_ 

* ' d& tan 5 tan 6 tan 3 

1 + tan 2 1 + tan 2 6 



t* 



tan 6 tan 3 9 ' tanG 

(17.) ^• = 3 cos .0 i? = 3 ^| =C os0 

rf0 dQ 

4§ = 30 2 ? =sin0, 



.\ u 



3 sin0 — 3 reHmBdB 



d$ * 

p=z$ JL = 0080 

35- >' »-** 
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/$coq6 d6 = BSmB ~r%med6 = 0gin0 + cos0, 
.-. u^BHmB + 30*cos0 — 60sin0 — 6cos£ 



rfiC 



v/i-* 3 



a 2 ^ da # 

To integrate -^^ * = * j*- -^7=== 

/* x>dx x /- ~ , ! . .1 

Next, to integrate ■ . sin*" 1 ^, 

y 1— ar. 



2? =s sin -1 # 



da; y/l^m 2 



.-. u = - (sin- 1 a?) 3 — I x/ 1 — ^sm-" 1 ^ + - Citdx 

1 /» sin" 1 xdx 
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- I (sin- *? - *^ -^ in-' x + 1- - \ (sin- xf 
= Jcsin-^-i^IEZsin-.^ + <£. 



(19.) — = -sin - l x. 

\dx (!-_**)§ 



. , da x 

p = sm *x -i = 



dp 1 1 



.'. w = — , — / 

s/\—& J 1— ^ 

— s " i ~" l;p _ i / rJZfL. s* dx "\ 



sin" 1 a* . \/\ —>x 



+ log 



< 30 -> ETm?^* 



rfa #* 1 



l> = tan" 1 x ~= -r = 1 — 



<fo 1 + s 2 l+«» 



<*!> 1 

25 ^lT? S = *-tan-*, 



.*. w s= tan"" x a?(« — tan" 1 *) — / ■ ,+ §Z— 
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= tan" 1 a? (x — tan" 1 x) — leg \/l + x 2 -f - — - — - 
= a? tan -1 a; — - (tan" 1 x) % — log \/l -f x*. 



(21.) p=6"sm a *. 

p = sin*s -r^ =e a * 



dp _ . e ax 

•— = 2smacosa: = 

a« a 

m = - *«* sin a * / * a * sin* cos # <? 

a aj 



x 



p = sin # cos # 


dx 


-r^ = cos 2 x — * sin z x 
dx 


e ax 

3= T 


= 1 — 2sin 2 £, 




sin a? cos xi a? 





,\ /« B *si 

1 1 /■ 2 /• 

= - e a * sin x cos # I e a * dx-\ — / «°* sin 2 #dk, 

a a J a J 

.-. w = - *«* sin 8 « ?e as sins cosa + -r r» 

a a 58 a* a or 

/, , 4 \ e^sina, . ft v , W 

•'•« H-q = « — \ a sm x — 2 cos a) -J 7-1 

\ a 8 / a 4 * 'or 

e a * sin a: (a sin x — 2 cos x) %e a * 

... u 1* 



a 8 + 4 * a(a* + 4) 
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_ rt , du 1 

(22.) -j- = T- » 

v ' dx (fl+o cos *)* 



Assume 

dx Asm* _/* a** 



/ a x _ Asm* /* a* 

(a4-ftcos*) 2 ~"a 4- ft cos* ^7 a 4- ft cos* 

Taking the differential coefficients 

1 A cos* (a -f- ft cos a) •+- ft A sin 2 * 

(a + ft cos*) 2 ""* (a + b cos *) 2 

B (a + b cos *) 

^ i - mi ii /^ 

(« 4- ft cos *) 2 

.\ 1 = A cos* (a + ft cos*) + ft A sin 2 * 4- B(a 4- 5 cos*) 
= Aacos* 4- Aft cos 2 * 4- A 5 sin 2 * 4- Ba 4- B ft cos* 
= (Aa 4- Bft) cod* 4- Aft 4- Ba. 

Equating like powers of (cos *), 

b 

Aa4-Bft = 0, .*. A =± B 

a 

Aft4-Ba=l 
ft 2 . \ _ a 



b( \-a\ = 1, .\ B 



,*, A =S3 mm _ " 1 

a 2 — ft 2 

/. a** 
. .... ..1 
(a + 6 



a 2 -6 2 
ft 



> 



cos *) 2 
sin* a /* </* 

C06* 



ft sui* , a /» a* 

a 2 — ft* a 4- ft cos * a 2 — ft 2 J a 4- ft c 

— * f — ft sin * /» d x \ 

"a* — ft* (a 4- ft cos* J a4-ftcos*J" 
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(23.) To integrate &" cob h ». 

Let p = cos k x dq=i eP* dx, 

d p = — ft ftiil lex dx £ = — -, 

(1) .-. leP* cos /fca<fo == — + - / eP&mkxdx. 

/>.v /?..», ^sinfta: & /» _ , ^ 
(li) /** tin **c** *2 / f cos ft* <to. 

Multiplying Equation (9) by - and substituting in equa- 
tion(l) 

/_ _ / F\ a^cosfta; k^smkx 
&» cos **(** ^1 + - j = - + — ^ . 

/, T eP* (a cos &s -f k sin fca>) 
*• cos kxdx = ^p^ 

(24.) To integrate <?-*» sin kx, 

p=zbinJbx dq=z#*** dx, 

e 
dp = k cos kx q = 



a 



/* . , , tf-^sin&s t A; /v., , , 
(1) .*. /tf-^sm kxdx=s *— + - / *"^ cos kx <* x ' 



( 2 >y ; 



$-<w cos kx dx 



e-"* co&kx k , _ . , , 

sin kxdx. 



e-"* cos « # « /* _ 
a a J 
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Multiplying equation (2) by (-) and substituting in equa- 
tion (1) 

*/ a a 2 



3 / ** Bm kx dx 



a 2 + fc* 



+5 r*~^* m * m _„ «-"(asinft* + ftco S *s 
« */ a 2 

/V"sin **<** = - ^Nh+*wb) 



(25.) /* *? /U 

t/ a cos 2 + $ sin 2 ~ v/ a + 



a 2 + A* 
eos 2 



5 tan 2 * 



_ /^(tanl) l -w /$x 

"Va + fctan 2 ^^^^ (^'V*/ 

(26.) /* °° 8 ° d6 P CQ36dd 

J (i _ # cos* ^ ~ / (l _ ,» + j sin » ^| 



=/- 



costf , ^ 
d0 



sm 3 






<l_*)l(_L_ + _*_tf 
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sin 6 

(1 — **) <J\—e x + #f!m*6 

sin . 

" (l — e 9 )y/l — e* cos 2 ' 



(27.) Acos 2 *)* cos d $ = /*(1 — 2 sin* 4)* cos <* 0. 
Letasin^ssa? 2 dB=z 



\/% cos 



(1 - a 2 )! <f * (1 - 2* * + or 4 ) da 



f^=* gm ~ -^^ + l/7T^ dx 

.'. \/2 tt = sin"" 1 * + a; v * — . «*— sin"" 1 or 

-^-^(T + T) + 8 8m * 



04 EXAMPLES OK THE 

/o / — ^/ 5 >/2sin0 %*/2sm*6\ 
«/2tt = v/cos20( — ^-g ^-j ) 

+ 5 sin" 1 (iv/2 sin 0), 
o 

u = 5/cos 2* ^|— (5 — 4 + 4 cos 2 0) 

■ 

+ 3^2 sin- (V3 sin 6) 

= ^|-X (8 + 2cos8tf) -v/coTal + 5— -sin"' (^2 sin*). 

, ft . /» sinfl ifl _ /* sin0J0 

»/ \/sin 2 a — sin 2 Q J sj cos 8 — cos 2 a 

/ / 2/i' "^^F ^^ l0 8 (\/cos 8 * — cos 2 a + cos0) 

*J v cos 2 — cos 2 a v / 

= — log (v/W * — sin* + co§0) + C. 
If s= a, w = — log (cos a) + C, 

/' B\n$dB ' cos« 

v, = log 



v/sin*« — sin 2 \/sin 2 a — sin 2 + cos 



nmsosAL calculus. 95 



CHAPTER VI. 

ON DEFINITE INTEGRALS. 

In the process of differentiation all constant quantities which 
are merely added to, or subtracted from, those quantities 
which contain the variable disappear ; and, on the oentrary, 
after integration, there may be a constant quantity connected 
with the integral which we have not in that operation ob- 
tained. The Tetter c is therefore added to every integral to 
represent this quantity, and in order to determine its value 
we must in the first place find what particular value of the 
variable makes the integral O; we thus get two equations, 
both of which contain C, and between these two equations 

C may be eliminated. For instance, if we have flap d& 

s^ + C for the general value pf the integral, and the pro- 
blem indicates that for the particular value x = a, the in- 
tegral becomes O, then O = a 9 + C; by subtracting this from 
the general value of the integral we get x* — a 8 , in which the 
constant C has disappeared ; this latter is called the corrected 
integral, and is written thus, 



/. 



X 

Sx^dx = a? — a 3 . 

a 



In this expression the value of the integral commences when 
x = a, and if we give another value to x, say # = 6, then we 
have fully determined the value of the integral, which is now 
written 

&Jdm = V~a\ 



/ 



This is called the definite integral, and is said to be taken 
between the limits m = b and a = a : the former is called the 
superior limit, and the latter the inferior limit, and the ope- 
ration is called integration between limits. 
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In general j f(x) dx=:Q (x) + C. 

In order to determine the definite integral, we must, accord- 
ing to the nature of the problem proposed, assign the proper 
limits, which we shall represent by a and b, as before; then 
we have 



s. 



b 

/(<r)<J# = <p(a) — <p(b). 

a 



As every function of x may represent the ordinates of a curve 
whose abscissa is x, it follows that the operation of inte- 
grating between limits may be applied to finding the areas 
and lengths of curves, the volumes and surfaces of solids of 
revolution, &c. 



Examples, — Areas of Curves, Volumes of Solids, Ac, 

(1.) The general equation to a parabola of any order is 
y w+n = a am". Then, since A ?=fydx taken between the 
proper limits, we have in this case 

/ m n 

m + n m m+8n 



m -f 2n 



a m+n Qtn + n + C| 



Then we perceive that the area = when x = 0, .\ C = ; 
and taking the above between- the limits x == and x = x, 
since the value of the integral commences when x = and 
ends when x = x, we have 



/ 



* m » *« I M m «n + 2H 

■■'■ ■ - ffl -J- ft " ' 

m + 2w 
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(2.) The general equation to hyperbolas referred to their 
asymptotes is 

gray* —- fl m+n , 

tn+n 

a m + n _ a n 

•'• y n = -^r > and J'-""-"' 

m+n 

,\ A = I ydx = / — — dx=z I a n x n dx 

m+n n—m 

a x + C. 



n — m 

We must here determine the constant C, as in the abore 
example, that is, find when the value of x makes the area 
= 0, &c. We must here observe, that this formula fails 
when m = n ; for then A = C + a 2 log x, which cannot be 
determined by the above method. 

(3.) The equation to the tractrix is 

dy y 



dx (a 8 -/)* 

. . ydx = — dy (a 8 — /)* t 

and A =Cydx = — / dy (a 2 — y^y 

Then in order to find the area included by the positive axes, 
let y = — a, observing that C = 0, 

. f 



08 EXAJTPLES ON THE 

s 

.\ whole area == -— , v sin" 1 Is-. 

4 2 

Since it is shown in all works on the Differential Calculus 
that 



j = + -£ - »■» a/> + (I )'• 






it follows that to find the volumes and surfaces of solids we 
have to integrate these functions between the proper limits. 

Examples. 

(1.) To find the volume and surface of a sphere. 

The equation to the circle referred to the centre is 
y ? = r 2 — x*, where r represents the radius of the sphere ; 
and as one value of r lies wholly above and the other wholly 
below the axis of x, we must integrate between the limits 
x =± — r and x = r ; we have 

n + r 4w 

V=w.f {f - x 2 ) dx = ~ r 3 . 

If we integrated this without reference to limits, the ex- 
pression we should have would give the volume of the segment 
of a sphere ; and we observe that C = when x = 0, since 
the integral becomes 0. 

= Zvfy/jf + x^dx 
= 2t/ + V) dx=%* x 2r 2 = 4*rr». 
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We might form the integral 

%*f^(f +x t )dx= 2*-yV? dx 

by writing the value of y* given in the equation to the curve. 
Hence the integral = 2wr#, which is the surface of the 
segment* whoso height is x. 

(2.) To find the volume and surface of a prolate spheroid 
formed by the revolution of an ellipse about its major diameter. 

The equation to the ellipse is y 2 =* -5 (a 2 — «*), where a 

and b represent the major and minor semi-axes respectively. 

Hence, V = v f y*dx = «• -j f(a 2 — x*) dx 



V ( 2 * 






which is the volume of a spheroidal segment, remarking that 
C =1 0. Next we must integrate between the limits x = — a 
and x = a; then we have 

6* /»+« 4 

V = «• -5 / (a 2 — x*)dx = - w^a, 



is 



-»»/j'a/ 1 + (2)" 






a 2 — ft 2 
If we write « 2 for —^-5 — we have 

or 



^{diJ-lfi—l?' 



tf 2 
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*bec /a* \ a* . . ex) 

Here C = 0, and if we integrate between the limits x = — a 
and « = awe have the whole surface 



%vab 



e 



{*(!— «*)* + sin- 1 *}. 



(3.) To find the volume and surface of an oblate spheroid. 
In order to determine the equation to this, we merely have 
to change a into b t and we have 



a 2 



and V « -gpy (6? - **) do? = —^ \V -- J + c. 

Integrating between the limits x = — 6 and = ■+■ 5, 
observing that Cs=0; for V = when x = 0, ,\ the whole 
volume 

and the surface of the oblate sphere may be found in the 
same manner as the last. 

(4.) To find the volume of a circular spindle. 

Here let O be the centre of the circle of which A CB is a 
segment, and let OG = the rad. =r be perpendicular to 
AB, OD = a ; GD = x and the chord AB = Uc ; GF = y ; 
(see figure page 103.) then we have 

* 2 = ** + (y + «)°, 
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.-. y 1 = r* — a* — x* — %ay, 

V = xftfdx == */(r»- d 2 — «« — Say) <te 

= * {(*"* — «*)*+ -X — bafydx} ' 



3 



*' 



= w {( r * — *') * — — — 2a x gen. area DQFC} + C. 

o 

Here C = 0, and the above gives the volume of the frus- 
tum HECE, the double of which is the whole frustum HFIL. 
The limits are x = — c, and x = -f c, we have volume of the 
spindle 

= 2t {£c 3 — a x gen. area ACB}. 

(5.) To find the volume of an el- 
liptic spindle. 

Let ACB be the generating arc / 

of the ellipse, in which AD = c, / 

OD = j, MO = a = semi-axis major, . 

and OC = b = semi-axis minor; DG = a?, and FG =s y. 

Then from the property of the ellipse c being the 

a : b :: (a* - •»)* :-(«*- *')* = PF. 

__ b(a*-x*)t . 

Hence » = — — t, 

a 




.-. v = *r fy*dx 



c*-#' 



= sr{J* a* . — 5-3 2t . area DGFC} -f C 

= volume of ECFH, and when x = c, C = o, 



109 



EX4KPLB8 ON THE 



_ rio 8c* — 0* 
.*. we have * {b*c . — — gt . area DAC}, 

or, v | ~ . o 8 — Hi , **ea PAcl 

the double of which will give the volume of the whole 
spindle. 

(6.) To find the volume of a hy, ff ■ * *- 

perbolic spindle. 

Putting i = the central distance 
OD, c = AB, and retaining the * 
notation employed in the last, we 
have by the nature of the curve, 



OM : OC = b : : >/(«* + **) : NF 



b J a* 4- w % 




.-. V 



->■ 



<te 



T-y^-' + ^ + av}'* 



= * J2t x area OFCD - — f Q c 2 ^ ^)| + c 



x area GFCD 



Pa /So* — 4^\1 
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and C = 0. This is the volume of the frustum FCEH, and 
for the volume of the spindle we have 



fat 



2irj2t x area AFCD 



JV1 



(7.) To find the surface of a cir- 
cular spindle. j 
Retaining the notation used in 

the last, we have 
no = y + a 



-- >/of* — Fn a = >/r f — «*, 




a, 



a 



and t- = . . 

dx (r 8 -**)* 



and 



(2)" - 



t»— * 



... g = Z„Jy aJx + p£^d» 

= %„f [(?-*? -a) {V^}'* 

= 2wr /*Jl ^ = i=i|<f*=2irrf* — ataxr* *j+C, 

and C=0, the surface of the part HECF; and if *=c, we have 

S = 2*rr < c — a sin" 1 - >, 

the double of which will be the surface of the whole spindle 
ACBE 
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(8.) To find the volume of a 
parabolic spindle. 

Put CD = A, AB = 2c, and A 

x = AG, and y = FO. 

From the property of the parabola 

AD': AG.GB :: CD : EG, 

0* : «(2c — a) :: h : y, 

.-. y = — i = '-, .: tf = - r (lir& — lear + aT), 

c c 

.\ V = n fy % dx 

the volume of AFH, since C = ; when x = c, we have 









volume of the semi-spindle; and, as we have found the volume 
of the part AFH, if we subtract this from the whole semi- 
spindle, we shall have the frustum EHCF, the double of 
which will be volume of the whole frustum EHIL. 

In the same manner as in the last example, we may find 
the surface of the parabolic spindle. 

(9.) In a parabola find the area included between the 
curve, its evolute, and its radius of 
curvature. 

area parabola ANP = fy dx 



4 I 

= 2 y/a [ *Jx dx = - */ax% 




area evolute A 



N'P' = />d« = — 4= A.-aa) 1 * 
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4 (.-*.) 1 - _i= ^3, J = 12 ^ 



dy 2a 

subnormal NG = y- r i =y — =2 a, 

NP.Nft - | i 

area PNG = — — = ay = 2a x 



ON' = AN' — AO = 3a? + 2a — a? — 2a = 2a?, 



, , GN'.N'P' . y* 

area. P'N'G = - = /fc? = — a? 



4aa? 8 2a?* 

4a* \/a 

ureaAPP'= APN +NPG + AN'P'- GN'P' 

4 1 J -4 Mx 2 a? 1 

= ~ ^«^ + bar x + K — — 



i | 

20 aa? a + 30 a 2 at + 6a? 

= 15 s/a 

*j/» ( -* . 2 
<v/a 



/ 2 I \ 



(i0.) To find the length of the spiral of Archimedes. 



dr 



As d» d6 1 / ; 

k 3 
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r /-J— — = a /• dr n dr 



(11.) On AB, the diameter of a given semicircle AC B, take 
AD = the chord AC; joinC, D; bisect CD in P, and find 
the equation and area of the locus of P. 

Join A, P, and put AP = y, z. PAD = <p y and AB = 2 a; 
then AC ^= AD = 2a cos 2$, aodAPory = $a cos p cos 2p. 
Let A P = y be drawn in an opposite direction ; then 
<p will become 180° 4- <p, and A P or y will become = 
2a cos (180°=p) x cos(860° + 2$) =— 2 a cos <p cos2^= — y, 
which indicates that when <p passes 180°, 
the point P will begin at B, and de- 
scribe exactly the same curve which it 
has described ; hence, when <p arrives at 
180°, the curve is complete. When 
y = 0, has three values from 0° to 
180°, viz., 45°, 90°, and 135°, which shows that the point P 
returns thrice to the point A, and therefore describes three 

noduses; 2 area ABP =sj°y*d Q = &a*fd$ cos 2 p (1 — 4 sin 8 <p 
cos 2 0) =c dr*p + ± a 2 sin f (3 cos $ — 2 cos 3 q> + 8 cos* $), 
this between $ = 0°, and $ = 45°, gives J circle + | a 2 , or 
1*45206 a 2 for the area APBEA, and between <p = 45°, and 
$ = 00°, gives i circle — | a 2 , or -118788' a* for the area 
of the other two small and equal noduses, each of which 
are therefore = | circle — & a 2 , or *05936'a 2 ; hence the 
area of the entire curve comprehending the three noduses 
is equal to the semicircle ACB. 
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(1^2.) AGDB is a given circle, whose diameter is A B ; on 
the chord A D, which is an arithmetical mean between the 
chord A C and the diameter A B, take A P, a 
geometrical mean between A C and A B, 
and show the nature and area of the curve 
which is the locus of P. 

Put ABsa, AP a* r, and A P A B 
= 0; then AD =b a cos 0, and AC =2 AD 
— AB = 2 a cos — a, and consequently 
AP* or r 2 = AC . AB = a 2 (8 cos J — 1), 
the polar equation to the curve. For the quadrature we have 

SareaABP *= f r*d6 = a 2 fd6 (2cqb0 — 1) 

*=2a*sin0-a 2 *. 

To ascertain the limit, put r = ; then r 2 or a 2 (2 cos 0—1) 
= 0, and cos 6 = \ ; therefore the curve makes an angle of 
60° with the diameter A B; hence, taking the above between 

= 0, and 6 = 60°, we get a 2 */3 — - a 2 . Sir, or a % x 6848. 



(18.) Let the given circle CED, whose diameter is CD, 
touch the indefinite right line AD in D, and from the given 
point A, draw the right line A EC, 
on which take A P = the sine of the o 

arc EC, and find the equation and 
area of the curve which is the 
loeus of P. 

The lines being drawn as enun- 
ciated, put CD = a, Z. DAC = <& ; 
then AD = a cot $, and, by similar 
As, CD : AD : : CG : EG = cot<p x CG; but, by the circle, 




EG = (a. CG — CG 2 ) ; whence CG = 



cot* f -f l 



= a 



sin 2 <p, EG = A P = (a 2 sin 2 p - a 2 sin 4 <p)* =- £ a sin 2d- 
the polar equation of the curve. When $ = 90°, AP =0 
when <p = 45°, AP = $a, and when <p = 0°, AP = 0; hence 
A is a punetum duplex. 
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Quadrature. — C\ AP x dtp = £ a* fdf sin* 2 p = § a* 

(— J sin 4 <p + 4?), which, between q> = 90°, and q> = 0°, 
gives J of the given circle for the area of the nodus A PA. 

(IS.) Let AB, the base of the right-angled triangle ABC, 
be produced till BP be equal to the diameter of the inscribed 
circle. Required the equation, quadrature, and 
greatest possible ordinate of the curve which is 
the locus of P, the hypothenuse AC being given. 

Put the hypothenuse AC = a, 8'14159266=t, 
and angle CAB = x; then, by trigonometry, A B c a 

= a cos x % and B C = a sin x ; whence B P = 
AB + BC — AC = a (cos x -f sin x — 1), and A P = a 
(2 cos x + sin x — 1), the polar equation of the curve. When 
x =s 90°, AP = 0, and when x = 0°, AP ==a ; .\ the curve 
commences at A and terminates at C. The maximum polar 
ordinate is when cos x = 2 sin x, or when sin x = £ >/5, 
or x = 26° 33' 9". 

Quadrature. — The differential of the area is = \AV*dx 
= \ a* dx x (4 cos* x -f 4 cos x sin x + sin* a? — 4 cos x — 2 

(7 3 

- — 4 cos x — 2 sin a; + - cos 2 x 

4- 2 sin 2 a; J, and the integrals give the area = J a* x ( — 

8 \ 

— 4 shi a: + 2 cos # + j sin 2 * — cos 2 .r J ; which, be- 
tween x = 0°, and x = 90°, gives J a* *■ — 2 a* for the area 
of the whole curve A PC, or in numbers = •74889357 a\ as 
required. 

The area of the space inclosed by the curve 

8 



Area = j ydx = — = j x (a* — #')* dx 

Va 5 ^ * y + " 



INTEGRAL CALCULUS. 

If x = Area = 7 a 2 + C. 

5 

If x = a Area = 0, 

.-. Whole area = -4— « 3 . 



from x = 1 to a? = 2 is =log (« + e" -1 ). 
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^^(^l) 



dx "" (** - 1)* ' * + 1 



— 2i* 









r ?d* r> dx _r*dx rzi±_r dx 

. S = log(«*»-l) -* + c. 
If* =2 S = log(« 4 -l) — 2 +C. 

X =: 1 S = log (« 2 — 1) - 1 + C, 



HO BJU*PI<fi8 Otf TOg 

.\ froma = 2 to« = l 8 = log(* 4 ~l) — log^— 1) — I, 

S=log(** + l)-log« 

= lo 8 ("4") = lo * (• + *-*)• 

(14.) The length of the curve 8a'y = «* + 6 a 8 **, 
measured from the origin of co-ordinates, is 



x 



ml 



8? (^ + 4««) 



***s?i(* , + < **0 



8*' 

^= -L (4*» + 12 «**) = -L («» + 3 «« *) 
Ax 8a* 2a 3 v ' 

dv* 1 
^{^ + 3a* «♦ + 8a 4 * 8 + «« + 8a' (x* + 2a* ** + a 4 )} 

= 4a « (** + 4 «')' 



• • =y*« V I + © - S^/fc + a *)S*+ 



4k<& dx 



r«3 f e + W. 
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(15.) The volume generated by the curve y 2 (x — 4a) =. 
ax (a: — 3 a) revolving about the axis of x, from x = to 

x = 8a is = I ira 3 (15 — 16 log 2). 

„ x* — 8a* / 4a 2 \ 

y 2 = a — b a ( or + a + j- ), 

a? — 4a \ a? — 4a/ 

.-. V=w / jfdxs=*ira f-f aa + 4a 2 log (a? — 4a) J + c - 
If x = = 4ira» log (— 4a) + C. 



If*s= da 
= va ( ^- 4- 3a* + 4a 2 log(- a) \ + C, 

. V =. ira |i^ - 4a 2 jlog (- 4a) - log (- a)J J 

= ^a*jl5-81og4} 

= ^a 3 {l5 - 16 log 3 J. 

(16.) Find the area of the curve in which 

(a*— ff)sinlco8Q 
T """ v/* 2 sin 2 + & 2 cos 2 9 

1 r^ it l fi<* % — h% f sin 2 fi cos 2 fi J ^ 
area = 7; / ^ » 8 = « / - — 2 v *a , 12 tit " 9 

2 J %J <* sin* 6 + ft 2 cos 2 9 

_1 Wo 2 — fr 2 ) 2 sin 2 0^0 
""81/ rftan^ + ft 2 # 
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1 X 

Letx=tan0, d$=- - 9 dx sin0 = 



l + * 8 \/\+x l 

x 2 1 

1 r e a % _ b 2 ) 2 a — - — d« 

area = ^ / v ; 1 + a?* ] + g* 

^ a 2 x 2 + 6* 



_ U A , B C 

Let — = o o . „ + ,.. , ,ox fl + 



V "" a 2 * 8 ** 8 r (1 + * 8 ) 8 ' 1 + x 2 

(a % — b*)*m % 
= A(1 +* ? ) 2 + B(a 8 ^+^) +c(l + # 2 ) (a 2 ** + 6"). 



Let 






A = - a 2 b\ 



Let x = v/~l ; - (a 2 - ft 8 ) 2 = - B (a 2 - 6 2 ), 

,\ B=a 2 - b\ 
... ( a * _ J«)S ^ _ ( a 2 _ 52) (a a ^ + ^ + a 2 6 2 (x + ^»y 

= C(1 +*') (aV + i ? ) 

- (a*- &*) (1 + **) P + a 2 b % (1 + #*) 8 = C(l + x*) 

(a 2 x 2 + b*), 

^(l+^^ + a^'-a' + i 4 ) = C(l +« l )(a f « , + M) 

C = 6', 
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(a x — b % )x % dx 



/(a — b ) x ax 
(a 8 rf + b*) (1 + tff 



dx , a ,ov r dx 



(*&*'__ r *x _ f x*dx 
_ /* dx x 1 r_dx_ 

-JT+~* 2 (1 + *') ~ ^/ 1 + *' 

_ 1 p dx x 

~2jTT*~ % + 2(1 +# % y 



_ _ a* fc* /» da? a' + ff /• _dj 

~* rj a* s 2 + 6* + 4 */ 1 + 



a? 

+ 



4 (1 + *') 



db A .a* a 1 + 6* . 

— - tan" 1 — H 4- — tan- 1 x -f- 



a 



4 (1 + *y 



Taking this between limits B = and = 90 ; 

or, x = x = oo 



a 2 + fc 8 ir a5 7T (a — #) 8 v 

area — . tt *~~ _ tr ^— . ~. 
4 2 2 2 4 2 
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(17.) The length of the epicycloid after one revolution of 

b 
the generating circle = 8 - (a + 6), and the area between 

* 

the epicycloid and the circle ptM 3 +- — ] 

■r - 2 }, equation to epicycloid in terms of rad. 

wctor and perp. on tangent where c = a + 2 6. 

ds r 



dr y/i* u- f 
. t _ ^-aV-c>»*f aV __ q» (g» - r») 



* = it 



^c*— r» + C. 



If r = a + 26 ss c, then « ss 0, CsO. 

T# A <?»-« » a 8 + 4a6 + 46* - a 3 
If r == a, then s ss — . ss 



* = ± — (a + 6), 



.hence whole length of arc of epicycloid 
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. d6 p 

Also to find area — = 



dr ry/ft-f 
2>ro> _ cry/r 2 — a 2 y/o 2 — a 2 <*r 



area *=~ / r*<*0»— / — - y ., 

a y Say ^ _ ^ 

Let r* - a 2 = s 2 , ra>=s*d*, ^-r^^-a 2 -* 8 , 
area = i-A^=; ifc 2 -^* 2 

z % dz 



e P srdx 



y/P-* 



area = - -£ * ^/j? - ** + f£ sin- 1 4 + C. 
4a v 4a jS 



If r = a then * = 0, and area = 0, 
r*=e then £• — * 2 >= a 1 =* e* — a 2 , 
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.\ semi-area ^- L — A -sin l ■ . 

4a y/c* — a 8 

c (c 3 — a 2 ) at 
4a 2 

area circle = - 2w& = *ab, 

c(c 2 — a 2 ) 

area between epicycloid and circle = — v — vab 

4a 

(a + 2&)4$(a + b) 

= *— ' *T — 7FCIO 

4a 
; =^(a 9 & + 3a&+2& 3 -a*&) 

2* 



«*(•+") 



(18.) Find the length of the curve where 

a$ -f y $ = a* , 



Taking it between the limits # = 0, * = a, 

3 
* = - a. 
2 

The whole length of the curve 4 x -a = 6a. 
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(19.) If h = height of a parabolic frustum, a and b the 
radii of the ends, show that 

Frustum = ?— (a 2 + ft 2 ). 
Equation to parabola y*= 4m#. 

= 2irm {(* + &)* — **} = 2*rm(2xft + ft 2 ) ' 

= y{4m* + 4m (* + fc)} = ^(« 2 + *)■ 
(20.) Find the area of the catenary 



*-5(^ + .~-> 

Area = f ydx = - y ^« a + « ° J iff 
= -( ae a — a* a )» 



/ 2x_ 2* 

= -A/ a 2 « a + So 2 * a*e~ a — ±a* 
(31.) .Find the area of #V - a 4 y* = a 8 , 



a 8 



y = 



ysrry 
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** = fad* ~ a* f *!= = <* f^. 
J Jy/tt — a* J xz 

If *• - <*« = *V, 

a 



a = 



VT37 



log * as log a — - log (1 — *«), 
.-. area = a 8 / - j-— ^ dz = a 8 / , d« 



2 I*/ 1 - z 2 J 1 + W 
a* 1 + s a 8 

=7 lo «r^--<r tan *• 



** — a 4 a 8 

But a 4 = ■ a a 



a 4 *V 



a 8 



.\ area = - log f — — tan- 1 — 

l — _ a *y 



= £{i og ./?*±iL;_tan-. 4 

2 1° /y/ #y — a* xyS 
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(32.) Find the volume generated by the revolution of the 
witch round its asymptote. 

y* = 4 a' equation to witch, 



xy* = 8 a 3 — 4a* a, 
6a 3 



x = 



y> + 4a»' 

4 a* dy 



Volume = 9 f*d W = 16 a 4 * f * J a) , 



<ty ,«.i /• y 2 ^ 



y y' + 4a* */(?' + 4a')* 

But Ar y^ = _ I - y . I / d V 

J W + *«? 2^+ 4a^ %J y % + 4a'' 

Volume = 8a 4 *- y a + 8a 4 *- /\ ^ y t 

y 8 + 4a a J it + 4a 

= 8a 4 *■ ^-/j-2 + 4a 3 *- tan- 1 ^. 
y* -f- 4a 2 2a 

Taking between the limits of y = oo and y = 0. 

Volume = 4a 3 w tan - " 1 oo = 2a 3 7r*, and whole volume 
generated by curve both above and below the abscissa 



= 4a 3 ~* 
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MISCELLANEOUS EXAMPLES. 

(!•) fs/bax — x 2 . dx 

(%ax — x*)dx 



-/ 



-/ 



*J%ax — x 2 

xdx {a +(a —a?)} 
\/ %ax — x 3 



/a xdx s% (a — x) xdx 

s/%ax — x* + J y/bax — x 2 



/ 



(a — x) dx . x 
\/%ax - x 2 



= x \/%ax — x* — j yj%ax — x*dx> 

/* axdx r{( a — x)a — <#}dx 

y/ftax — x 2 J y/^ax — x 2 

= — a \J%ax — x 2 + a 2 . ver sin"" 1 - , 



,\ 2 Jx/Sax — x* . <fo 
=s (a? — a) \/%ax — x 2 + (# ver sin" 4 -, 
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,\ j \J%ax — tf.dx 

"" 2 2 « 

This integral is used by Earnshaw, in finding the centre of 
gravity of the area of a cycloid. 



/ 



or das 



&) J y/Zax + x 

By formula of Reduction, 

x n dx 



/ 



\/%ax + x 2 



aT-iy/Zax+x 2 g(an-l) r ar~ l dx ' 
~~ n n J s/<Xa+x~ 



& 



x 2 dx 



/X aX 
<s/%ax +x* 



x s/'lax + x* _ 3a r xdx 

2 2 J y/%ax + #* 






•» dx 



a 
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dx 



And C ;i = log {x + a + s/lqx + x*}, 



/» x&x 

J \/%ax + 



xdx 

~x* 



= >/2 a # + x* — a log {a + a + s/%ax + 0*}. 

y* a^a*# x\/%ax + x* 3a /^ r 

•"• / / ==— — « */2ax + x* 



+ IT lo 8 fa + a + V 2«* + **}. 



2 

x*dx 



7 n0 x*dx 



\etp = x dp = o*#, ' o*g = 



x dx 



(2ax — x*)i 






- l -- ** 



= - ^ f^iatr 1 - l)~ l x — 3aar» 

• «V9a-*' 



rf* 
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fpdq=pq-fqdp 

*J x . dx 



_ x / x _ - f s/ * d * 
= a A/ 2a — x "~ a*/ \/ aa — 

_x / x 1 / * * rf « . 



but by the formula of reduction, 
ara*# 



/ — = — \/%ax — #* + a vers" 1 «, 
y/bax-x* a 



/x*dx 
(%ax — x v 



x 

vers"" 1 -, 

a 



x / x I / 

= - A/ o + ^ \/2a* - x* — 

a V 2a — a? a > 



taken between the limits of and a, 



/*■ *** = 1 + 1 - * = 2 - *= 4292. 

*/ B (2a*-* 2 )i 2 2 

This integral is used in Barlow on the strength of mate 
rials. See pages 364, 865. 

rx*dx i 1 , * — a 1 _!#\ 1 
y» rfx a; 1 , x 

(5 °y (PH^T 2 "" 26 (*> + &) + ^y% «" ^ 



a 2 
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dx 



J (*t« 



) (** + ft) 8 

1 , g-ffl 1 ax + ft 

(«» + j)2 °8 ^^r+j + 2ft( a * + ft) ' "**~+7 

a (a 8 + 8ft) , a? 



+ ,>* ,» / « . »v> • tan 



2ft>/ft(a 8 +ft) 2 ^5 



/» or dx 
(7) c/ (« + ft*7 



/bar 8ax \ 1 8 r 

~ \ 8ft + "8ft 2 "/ ' (a + ft*) 8 + 8ft\/ a 



, w-9 /» dx 



+ ft** 
The formula of reduction 

'(«:) /■ — d ± == ^ rz ^ 

=-V- 

gives the following integrals, taking m odd 

y^7T^ = - l0g ( * ) + c 

r dx ^ ^ y/l — g* 1 /• <fo 

/» <to _ s/\—& 8 /» Jig 
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7 ^Vf^" •* 6t/ a-V 1 -** 



Taking w even 



rf* s/\—tf 



-+C 






&c. 



The following integrals may be done by the general form 

/*—» (a + J^)«". 

r dx _ _j_ , og a + te-y/a . 
( 10 -) ./ * v/a + J* V "a a + bx + s/a 

r dx vT+3i ^ _8_ ] \A+j£n2. 

/* rf* 2 Bill -i A f bx-a 

1 y/a + ftg" y/a 
/» dx / 1 ■ _g\ * 

(»V (a + j^ ~ V3a(a + bx>) + 3 W ^/J+fo? 
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< 17 -V(« + W)» »»* 

(18) y (2a* + **)t = ~ 13(2«* + *») ~ Tfi?/ 

a? -f a 



a 8 \/2 a* + «* 
e* xdx 0* 



. rtrxax c 

(19 ° 7 (TT<-TT5- 

(20.) Show that • J ">' = tan s 

(31.) f$^adx = 2*V* (a* -S^ + 6^- 6). 

/2«°* 
a(a 2 + 4) 



ci *.8in* 



-r -«*■ a (<* sin a? + 2 cos a?), 
y^« x /* • «* ** cos 2a? e* sin 2a? 

(23.) yvw.. _ + ___+_ — • 

,^ % P dx ^ tan 8 a? 1 

(24.) A-^ r . == 2tan* + — — + ; 

v i/ sin* a? cos 4 *? 8 tana? 

also, show that the integral is 

i i 8 

— x cot2o?*. 



3 sina?cos s 4? 3 
d6 



/d0 1 .f tand ^ m 

* It is observed by De Morgan, that we are liable, in using artifices of 
integration to produce results which appear different, but which in fact only 
differ by a constant This discrepancy does not appear when the integrals 
are taken between definite limits, since pa — f 6 = f a -f- C — (fo -f C), 
are the same. See De Morgan's Differential and Integral Calculus, p. 116. 
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(26) C d * _ — !— — i i -Jt—l cos 6 — sin > 
'Vl-.*co8»*-2 N /r^ 10g l v /— icostf-i^J- 

(« > 1). 

(27 V^ 8 («' + *) «!*(«« + *) = h l0g *" r~^} 

, 1 f 1 cos ad +6 l 

a {cos (a + b) *~ 2(sin 2 a0 + 6)J 

(28.) f. 



d 6 vers 2 6 



sec cosec 



sin 9 6d6 



cos 2 



- = cos -f sec 0, 



(29.) Cd cosec 2 0= - log tan ft 

/J (9 1 

(81 . } /?— ^ = • + i log L±*» «- 

v y J 1 — tan 2 4 8 ° 1 — sin 2 

(88.) y 

/ mtt?0d-9 _ fan? 6 2 
cos 8 6 5 cos 7 6-7 co?V 

This integral is used by Professor Moselev ftr » a 
See the " Mechanical Principles of EngineerirwT , ***• 
lecture," page 467. in 8 and Archi- 

(37.) A O B is a quadrant of a circle, O its cot,* 

lord BBP, and OE perpendicular to it, m* : **** 



chord 

take 



U »°* which ^ 
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OP equal to half the cosine of the arc BD, and determine 
the quadrature of the locus of P. 

(38.) CP and CD are conjugate diameters of an ellipse, of 
which the semiaxes are a and b ; P F is perpendicular to D C : it 
is required to find the area of the curve, which is the locus of F. 

(39.) A right line drawn from a given point cuts a given 
circle, and the intercepted chord is the minor principal axis 
of an ellipse, whose area is equal to that of the given circle. 
Find the quadrature of the curve described by the vertex 
of the ellipse. 

(40.) Supposing the arc of a semicircle to be stretched out 
into a straight line, and an indefinite number of perpendiculars 
erected on it, each equal to the versed line of the correspond- 
ing arc ; what would be the length of the curve traced out by 

the tops of the perpendiculars? 

a 
(41.) The polar equation to the parabola is r = -. • show 



cos 2 - 



tan x + - tan 3 - \ 



ft 



(42.) The equation to the lemniscate being (x* + y 2 ) 2 = a? 
— y\ find its area between the limits of x = and 0=1. 

(43.) Let the base AB of a right-angled plane triangle be 
given, and in the variable hypothenuse AC, let there be con- 
tinually taken CP equal to the perpendicular CB. Find the 
equation and quadrature of the curve, which is the locus of 
the point P. 

(44.) ACB is a given quadrant of a circle ; A the centre, | 
and D any point in the curve. Draw O D perpendicular to A B, | 
and take DP = BO; then the area of the curve, which is 
the locus of P, will be = the circular segment CDBC. 

(45.) The perpendicular BC of aright-angled triangle ABC 
is given,, and in the variable hypothenuse AC, let A P be 
taken, so as always to be equal to B C ; required the distance 
BP of nearest approach, and the quadrature of the curve, 
which is the locus of P. 

(46.) Find the content of the solid generated by the revo- 
lution of the curve, whose equation is (a 3 + a 1 ) yf 1 — & 
(a 2 — a 2 ) = ; about the axis of x. 
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